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Abstract

Almost Difference Sets have extensive applications in coding theory and cryptography. In
this study, we introduce new constructions of Almost Difference Sets derived from cyclotomic
classes of order 12 in the finite field GF (q), where q is a prime satisfying the form q = 12n + 1 for
positive integers n = 1 and q < 1000. We show that a single cyclotomic class of order 12 (with
and without zero) can form an almost difference set. Additionally, we successfully construct almost
difference sets using unions of cyclotomic classes of order 12, both for even and odd values of n. To
accomplish this, an exhaustive computer search employing Python was conducted. The method
involved computing unions of two cyclotomic classes up to eleven classes and assessing the
presence of almost difference sets. Finally, we classify the resulting almost difference sets with the
same parameters up to equivalence and complementation.
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1.0 Introduction

Almost Difference Sets (ADSs) have significant implications in various mathematical areas, including
coding theory and cryptography. Within coding theory, ADSs have been utilized by Heng (2023) to build
projective linear codes capable of error correction through their dual codes. ADSs also play a role in
constructing cyclic codes and codebooks. Ding and Feng (2008) have investigated a general approach to
constructing codebooks using ADSs, achieving classes of codebooks that come close to meeting the Welch
bound. In cryptography, ADSs have the potential to create functions with optimal nonlinearity, as referenced
in Nowak (2014).

Consider an abelian group (G, +) of order q. We define a k-subset D of G as a (g, k, A, t) almost difference
set of G if, when considering all nonzero elements x of G, the difference function diff, (x) takes on a value of
\ exactly t times, and a value of A + 1 exactly g — 1 — ¢ times. The difference function diffy, (x) is given by
diff, (x) = |[D n (D + x)|. This definition is derived from Ding et al. (2001), which presents a generalization
and unification of two previously introduced definitions of almost difference sets by Davis (1992) and Ding
(1994). It is worth noting that almost difference sets are just generalizations of difference sets when t = 0 or
t = q — 1. Throughout this paper, the researcher focuses exclusively on almost difference sets where t is not
equal to 0 and not equal to g — 1.

An almost difference set D is categorized as abelian or cyclic (nonabelian or noncyclic) based on whether
the group Gis abelian or cyclic (nonabelian or noncyclic). Two almost difference sets D; and D, are considered
equivalent if there exists an automorphism ¢ of G and an element b € G such that o(D,) = D, + b.
Specifically, in the case of G being cyclic, D, and D, are equivalent if there exists an integer a with gcd(a, q) =
1, such that aD, = D, + b for some b € G (Ding et al., 2014).
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If D is a (q,k A t) almost difference set in an abelian group (G,+), then k(k—1) = t1+
(g —1—t)(A + 1). Moreover, its complement, D¢ = G \ D is also an almost difference set in (G, +) with
parameters (q,q — k, q — 2k + A,t) (Ding, 2014).

Cyclotomic classes of finite fields are very useful building blocks for constructing almost difference sets.
Let g = nN + 1 be a power of a prime and let a be a fixed primitive element of the Galois field GF (g). Define
;D = gi(aM), where (aV) denotes the multiplicative group generated by a”. The cosets C; V'@ are called
the cyclotomic classes of order N in GF (q).

Extensive research has been conducted on the construction of almost difference sets using cyclotomic
classes. Nowak's work in 2014 provides insight into the utilization of cyclotomic classes of orders 2, 3, and 4
for generating almost difference sets. Ding (as cited in Ding, 2014) established the creation of almost
difference sets from a single cyclotomic class of order 8, while Ding et al. (2014) presented the union of
cyclotomic classes of the same order. Recently, Estrella (2023) devised almost difference sets from unions of
cyclotomic classes of order 10. Moreover, Nowak et al. (2013) and Qi et al. (2016) constructed infinite families
of almost difference sets by employing unions of cyclotomic classes of order 12 modulo a prime, specifically
when g = 12n+1 and n is odd. Additionally, Nowak et al. (2013) demonstrated that neither the
multiplicative cyclic subgroup C of index twelve nor C U {0} forms an almost difference set for specific finite
fields. Despite these developments, the problem of constructing almost difference sets when n is even
remains unresolved.

This paper revisits the construction of almost difference sets from cyclotomic classes of order 12 in the
finite field GF (q), where q is a prime less than 1000 and follows the form g = 12n + 1, with n being an integer
greater than or equal to 1 (both even and odd). The researcher utilizes an exhaustive computer search to
investigate this construction. Additionally, the author demonstrates that a single cyclotomic class of order 12,
whether it includes zero or not, can generate almost difference sets. Furthermore, the paper examines the
equivalence of the resulting almost difference sets up to complementation.

2.0 Methods

Building upon the research approach utilized by Balmaceda and Estrella (2021) as well as Estrella (2022) in
their investigation of cyclotomic difference sets, this study explores the existence of almost difference sets
through the implementation of cyclotomy with an order of 12. The computational methodology employed in
this paper is based on Estrella's work in 2023. By taking a prime number q as input, the search method
generates almost difference sets by combining two cyclotomic classes or up to eleven classes of GF(q) with
or without the residue zero. The search is conducted for all prime numbers g < 1000, where g follows the
form g = 12n + 1. Additionally, the study determines whether the obtained almost difference sets, which
share the same parameters, are equivalent up to complementation.

Python computer programs were implemented to execute the following steps, given an input prime

number g:
Choose a primitive element a of the field GF (q).
2. Compute the cyclotomic classes Ci(lz'q) using the chosen primitive element.

3. Take the union of C0(1z,q) with a second cyclotomic class and test if the obtained set forms an
almost difference set.

4. If no almost difference set is found, repeat steps 1-3 using a different primitive element until an
almost difference set is obtained or until the primitive elements of GF(q) are exhausted.

5. Repeat steps 1-4 using the union of Co(lz‘q) with another cyclotomic class, until all unions of

Co**% with a second cyclotomic class are exhausted.
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6. Repeat steps 1-5, this time using C,

Estrella

(12,9)

with two other cyclotomic classes, then Co(lz"” with

three other cyclotomic classes, and so on up to CO(“"” with ten other cyclotomic classes.

7. For each almost difference set obtained, check its equivalence with other generated sets with the
same parameters.

The same steps will be applied but include zero in the unions to search for other possible cyclotomic

almost difference sets.

3.0 Results and Discussion

Let ¢ <1000 be a prime of the form g = 12n + 1 for any integer n > 1. Table 1 summarizes the
parameters (g, k, 4, t), the unions of cyclotomic classes C;
an almost difference set (up to equivalence) in the additive group GF(q) for a properly chosen primitive
element of GF(q) employed to define the cyclotomic classes of order 12, and the class indicator that shows

(12,q)

the family to which it belongs. These are:

P - Paley partial difference set (Theorem 5.4 (1) in Ding (2014))
PO - Paley partial difference set together with zero

D - Theorem 5.4 (2) in Ding (2014)

DO - Theorem 5.4 (3) in Ding (2014)

D1 - Theorem 5.4 (4) in Ding (2014)

D2 - Theorem 5.4 (5) in Ding (2014)

D3 - Theorem 5.5 in Ding (2014)

Q1 -Theorem 3.1 in Qi et al. (2016)

Q2 -Theorem 3.4in Qi etal. (2016)

Q3 - Theorem 3.6 in Qi et al. (2016)

N - Theorem 9 in Nowak et al. (2013) or Theorem 3.3 in Qi et al. (2016)
New — Not equivalent to one of the above

(with and without the residue zero) which form

Table 1. Aimost Difference Sets from Cyclotomic Classes of Order 12 (up to equivalence)

or Co(lz.q) U Cl(lzlq) U Cz(lz.ll) U C3(12.q) U C4(12.q) U C7(1Z,q) U {0}

(q,k,A,t) Almost Difference Sets Class
1 |(13,2,0,10) Co %P u ;12D forany 1 < i < 11 or €,4%% U {0} New
2 | (13,3,0,6) €120 y ¢, 12D y ¢, 12D or ¢, 029 y ;12D y {0} forany i € New
{1,3,4,5,7,8,9,11}
3 | (13,3,0,6) CoD y ¢, 120 y 129 or ¢, (12D y ;12D y {0} forany i € QlorD
{2,10}
4 (13,5.1,4) Co(lz'q) U C1(12.q) U 62(12.q) U C3(12"7) U C4(12.q) or 60(12.11) U New
Cl(lz.lI) U Cz(lz.q) U C3(12.¢Z) U {0}
5 (13 51 4) Co(lz'q) U C1(12.<7) U Cz(lz.q) U C3(12,¢1) U C6(12.LI) or Co(lz.Q) U New
’ Cl(lz.q) U C4(12.q) U Cs(lz.q) U {0}
P (13,5.1,4) C0(12JI) U 61(12‘Q) U Cz(lz‘q) U C4(12;£I) U Cs(lz'q) or Co(lz’q) U New
P C1(12'Q) U 62(12:@ U C4(12’q) U {0}
; (13 62 6) Co(lz.Q) U Cl(lz.lZ) U Cz(lz,lI) U C3(1ZV¢I) U C4(12.Q) U C6(12.Q) or New
i C0(12.¢I) U C1(12.Q) U CZ(12.Q) U C3(12'q) U C6(12.KI) U {0}
8 (13,6,2,6) Co(lz'q) U Cl(lz.q) U C4(12,¢Z) U C5(121¢I) U C8(12.Q) U Cg(lz,lI) or NP
i Co(lz'q) U Cl(lz.q) U Cz(lz.q) U C3(12,q) U 69(12,q) U {0}
9 (13 6.2 6) Co(lz'q) U Cl(lz.q) U Cz(lz.q) U C3(12,q) U Cs(lz.q) U Ce(lz'q) or New
g Co(lz'q) U Cl(lz.q) U Cz(lz.q) U Cs(lzlq) U C4(12.q) U {0}
10| 13,6,2,6) CO(12,q) U C2(12.q) U 04(12.11) U 66(12.11) U C8(12,q) U C10(12.q) or b
Co(lz'q) U C1(12.Q) U 63(12.‘1) U C8(12V¢I) U C9(12JZ) U {0}
1 (13, 73 6) Co(lz.Q) U 61(12.11) U Cz(lz,lI) U C3(1ZV¢I) U C4(12.Q) U Cs(lz.lI) U C6(12,¢I) New
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Table 1. Aimost Difference Sets from Cyclotomic Classes of Order 12 (up to equivalence) cont.

(g, k,2,0) Almost Difference Sets Class
(12,9) (12,q) (12,q) (12,q) (12,9) (12,9) (12,9)
12| (13,7,3,6) Co (12U) G (12U) X (12U) .~ (12U) Ca (12U) ‘o (12U) ¢ Q3
or G u ¢, u ¢, U GNP U G U G AP U {0}
(12,9) (12,9) (12,9) (12,q) (12,q) 12,9) (12,9)
13| (13,7,3,6) Co (12U) Cy (12U) C, (1zU) Cs 02 U) Cy (12U) Cy (12U)C8 New
or Co'* P u ;P U G, PP U 6P U G P U Y AT U {0}
(12,9) (12,9) (12,9) (12,q) (12,q) 12,9) (12,9)
14| (13,7,3,6) Co mu) C (12U) c, (12U) Cs (IZU) Cs mu) Cs mu)cg New
or G u P U G U G AP U G U G AP U {0}
Co(lz.q) U Cl(lz.q) U Cz(lz.q) U 63(12.4) U 64(12.(1) U Cs(lzlq) U
15| (13,8,4,4) C6(12.q) U C7(1Z.q) or Co(lz'q) U Cl(lz.q) U 62(12.q) U 63(1241) U New
64(1214) U C5(12,Q) U C6(12.¢I) U {0}
Co(lQO) U 61(12.11) U 62(12.11) U C3(12.Q) U C4(12'q) U Cs(iz'q) U
16 | (13,8,4,4) Cs(lz.q) U C8(12.q) or Co(lz,q) U Cl(IZ.q) U 62(12.q) U C3(12.q) U New
C4(12.q) U Cs(lz,q) U Cg(lzyq) u {0}
Co(lz.q) U Cl(lz.q) U Cz(lz'q) U 63(12.4) U C4(12.q) U Cs(lzlq) U
17 | (13,8,4,4) 68(12.q) U C9(12.q) or 60(12.61) U Cl(lz.q) U Cz(lz.q) U C3(12.q) U New
64(1214) U C6(12,¢I) U C7(12.¢I) U {0}
C0(12.q) U Cl(lz.q) U C2(12.q) U C3(12.q) U C4(12.q) U Cs(lz'Q) U
(12,q) (12,9) (12,q) (12,q) (12,q) (12,q)
18 | (13,10,7,6) T i S New
C, P u P u MY u MY U P u PP u
2P u {0}
60(12,4) U Cl(lz.lI) U C2(12.11) U 63(12.11) U 64(12,11) U 65(12,Q) U
(12,9) (12,9) (12,9) (12,9) (12,q) (12,9)
19 | (13,10,7,6) T ey I P New
C, P u P u P u PP u PP u PP u
o™ U {0}
Co(lz'q) U Cl(lz.ll) U 62(12.11) U C3(12.Q) U C4(12,¢I) U Cs(lzlq) U
(12,9) 12,q) (12,9) (12,9) 12,q) (12,9)
20 | (13,11,9,10) s iz Lz oz i ez New
C,MPu MYy MYy MY U PP u g PP U
C7(12.Q) U C8(12.Q) U C9(12.q) U {0}
21 | (37,3,0,30) C,1*P = {1,10, 26} New
22 | (37,4,0,24) C,1%9 u {0} = {0,1, 10, 26} New
23 | (37,6,0,6) C, %D y ;129 forany i € {2,10} New
24 | (37,6,0,6) C, %P y ;129 forany i € (4,8} New
25 | (37,7,1,30) C, %D y ;129 y {0} forany i € {3,9} New
26 | (37,10,2,18) Co 1P U ¢, 12D y ¢,129 y {0} New
27 | (37,10,2,18) C,(12D y ¢, 1290 y ¢, 129 y {0} New
28 | (37,10,2,18) C,(12D y ¢, 129 y ;129 y {0} Q2 or DO
29 | (37,12,3,12) C,1#0 y ¢, (120 y ¢, 120 y ¢, 120 New
30 | (37,12,3,12) C,1#0 y ¢, (120 y ¢, (120 y ¢, (129 New
31| (37,13,4,24) C,1# D y ¢, (120 y ¢,1290 y ¢, 12D y {0} New
32 | (37,13,4,24) C,12D y ¢, (12D y ¢, (12D y ¢, (12D y {0} New
33| (37,15,5,6) G120y ¢, 12D y ¢, 120 y ¢, 120 y ¢, (120 New
34| (37,16,6,12) C,12 y ¢, 120 y ¢, 120 y ¢, 12D y ¢,129 y {0} New
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Table 1. Aimost Difference Sets from Cyclotomic Classes of Order 12 (up to equivalence) cont.

Estrella

(q,k A, t) Almost Difference Sets Class
q
35 | (37,16,6,12) Co12D y ¢, 12D y ¢,120 y ¢, 12D y ¢, 129 y {0} New
36 | (37,16,6,12) CO(12,q) U C1(12.q) U C3(12,q) U (:4(12.11) U C6(12.q) u {0} New
37 | (37,18,8,18) C0(12.q) U Cl(12.q) U C3(12,q) U C4(12,q) U Cs(lz.q) u C9(12.q) New
38 | (37,18,8,18) Co(lz.q) U 62(12.11) U C4(12"’) U C6(12.q) u 68(12.q) U Clo(lz.q) p
39 | (37,19,9,18) 00(12.4) u Cl(12.Q) U 63(12,11) U 64(12.11) U Cé(lzm U 69(12.61) u {0} New
40 | (37,19,9,18) Co12D y ¢, 12D y ¢, 120 y ¢, 12D y (12D y ¢, 12D y {0} PO
41| (37,21,11,12) C0(12.q) U Cl(12.q) U C2(12,q) U C3(12"’) U (:4(12.!1) U C6(12.q) U Cg(lzyq) New
42| (37,21,11,12) Co(lz.q) U Cl(lz.q) U 62(12"1) U C3(12"’) U C4(12"7) u C7(12.q) U 63(12"7) New
43 | (37,21,11,12) C0(12,q) U C1(12.q) U C2(12,q) U C3(12.q) U C5(12.q) U Cs(lz,q) U (:8(12,q) New
1z,q) (12,9 1z, 12,q) (12,9) 1z,9)
44 | (37,22,12,6) me.q) 5 {CS} VGG UG U G New
1z,q) (12,9) 1z, 1z,q) (12,9 1z,9)
45 | (37,24,15,24) Eimm 3 g:m_q) UG UGV GV G Y New
C 1z, uc (12,q) uc (12,9) uc 12,9) uc (12,q) uc (12,9) U
46 | (37,24,15,24) czm"” 0 Cio(“"” 3 * 6 7 New
azq) (12,9 12,q) 12,q9) 12,9 (12,9)
47 | (37,25,16,12) g"(lz,@ 3 ?m,q) 3 {Cé} VGV LT G New
8( ) 9(12 ) 1z,q9) 1z,q) 1z 1z,
12,4 a a a a a
48 | (37,25,16,12) g"(m) b’ gl (12,q)UUC{20} UG UGV G New
g( ) 1(()12 ) 1z,9) az,q) (12,9 1z,9)
P u Py Dy 20y 12Dy Py
49 | (37,27,19,18 0 ! z 3 N 5 New
( ) C6(12.‘I) U C7(12.Q) U C8(12vQ)
¢, 20 y ¢ 20 ¢ Q20 ¢ 120 ¢, 020 ¢ 120
50 | (37,27,19,18 0 . 2 3 4 5 New
( ) 66(12.‘0 U C7(1ZV¢I) U Cg(lz.lI)
¢, 20 ¢ Q20 ¢ 120 ¢, Q20 0. Q20 o 120
51 37,27,19,18 0 . 2 4 5 6 New
( ) C8(12.Q) U Cg(lz’q) U Cm(lz'q)
¢, 20 ¢ Q20) ¢ (120 0. Q20 ¢, Q20 0 (120
52 | (37,30,24,30 0 . 2 3 4 5 New
( ) C6(12.Q) U C7(12'q) U Cg(lzrlﬂ U C10(12'q)
¢, 20 ¢ Q20) ¢ 120 0. Q20 ¢, Q20 0 (120
53 | (37,31,25,6 0 . 2 3 4 5 New
( ) C6(12.q) U C7(12.q) U Cg(lzlq) U 610(12.11) u {0}
¢, 20 ¢ Q2a0) ¢ (120 0. Q20) 0, Q20 0 (120
54 | (37,31,25,6 0 ! 2 3 4 5 New
( ) 66(12.61) U C8(12.q) U Cg(lz.q) U 610(12.51) u {0}
60(12.4) U C1(12.Q) U 62(12.0) U C3(12.q) U C4(12.Q) U 65(12.4) U
55| (37,33,29,24) (120 y ¢, 020 y ¢, 020 y ¢, (020 y ¢, (20 New
¢, Q20 ¢ Q2a) ¢ 120 0. Q20 ¢, Q20 0 (120
56 | (37,34,31,30) 1200 ) (020 | (020 | o020 | (G20 | 1 New
€, (029 y 12D y ¢, 129 y ¢, 12D y ¢,, 12D U {0}
57 | (61,5,0,40) Co1#P = {1,9,20,34,58} New
58 | (61,6,0,30) €19 y {0} = {0,1,9, 20, 34,58} New
59 | (61,10,1,30) €1y ;12D forany i € {1,5,7,11} New
60 | (61,15,3,30) C,12D y ¢, (120 y ¢, (12D QlorD
61 | (61,15,3,30) C,120 y ¢, 120 y ¢, 120 New
62 | (61,30,14,30) 60(12.q) U Cl(lz.q) U Cz<12'q) U C3(12"’) U C7(12.q) U CB(lz.q) New

61
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Table 1. Aimost Difference Sets from Cyclotomic Classes of Order 12 (up to equivalence) cont.

(q.k,2,0) Almost Difference Sets Class
63 | (61,30,14,30) C0(12,q) U Cl(lz.q) U C3(12.q) U C4(12.q) U C6(12.q) U Cg(lz,q) New
64 | (61,30,14,30) C0(12,q) U C2(12.KZ) U C4(12ﬂ) U 66(12,11) U 68(12.11) U C10(12.Q) p
65 | (61,31,15,30) C,12D y ¢, 129 y ¢, 120 y ;129 y ¢,120 y ¢, 12D y {0} New
66 | (61,31,15,30) C0(12,!I) U C1(12V¢Z) U 63(124) U C4(12.Q) U C6(12.Q) u Cg(lzm U {0} New
67 | (61,31,15,30) C,120 y ¢, 120 y ¢, 120 y ¢, (2D y 12D y ¢, 12D y {0} PO
Co(lz'q) U C1(12r¢1) U C2(12.Q) U C3(12.ll) U C4(12.<1) U Cs(lz,lﬂ U
68 | (61,46,34,30) 020§ (020 | (020§ (0 New
(12,q) 12,9 12,q) (12,q) (12,q) 12,q)
69 | (61,46,34,30) Conar - Cnay 22 g Gt T UGV LU New
Cs"' 2P U G P U €1 PP U {0}
¢ 20 ¢ 2@ ¢ 120) ¢ 120 ¢, 120 § 0 120
70 | (61,51,42,30) 120) 1 20 s 2D 1 A2 s 5 New
C12P y ¢, 12D y ;129 y ¢, 12D y {0}
Co(lz'q) U C1(12.¢1) u Cz(lz.lI) u C3(12.11) u C4(12.<1) u Cs(lz.q) U
71 | (61,55,49,30) £,020) | ¢,020) | ,020) | 020 ¢, (120) New
72| (61,56,51,40) C0(12,LI) U Cl(lz’q) U C2(12,CI) U C3(12'Q) U C4(12111) u Cs(lz’q) u New
rem e C6(12.q) U C7(12.q) U 68(12111) U 69(12.4) U Clo(lz.q) U {0}
73 | (109,27,6,54) C,\12P y ¢, 12D y ¢, 129 QlorD
74 | (109, 45,18,72) C0(12,q) U Cl(lz.q) U Cz(lz.q) U C5(12.q) U C6(12.q) New
(12,q) 1z, 1z,q) (12,q) (12,q) 12,9)
75 | (109,64,37,72) | o, VG T UGV GETRU GO G New
Cs'' 4P u {0}
12,9 (12,9) azq 12,9 12,9) (12,9)
76 | (109,82,61,54) G0 ey LG gt VLTV LY New
Cs"'*P U G U €1 PP U {0}
77 | (229,38,6,190) Co 1%y ¢, 12D forany i € {4,8) New
78 | (229,39,6,114) Co12D y ;129 y {0} forany i € {4,8} New
79 | (229,114,56,114) | ¢,**P y ¢,12D y ¢, 12D y ;2D y ¢, 12D y ¢, (12D N or D2
80 | (229,114,56,114) C0(12.q) U Cz(lz.q) u C4(12,q) U Cs(lz"” U C8(12.q) U Cw(lz.q) P
81| (229,115,57,114) | ¢,112® y ¢, 129 y ¢, 12D y ;129 y ;12D y ¢,129 y {0} Q6
82 | (229,115,57,114) C0(12.q) U 62(12#) u C4(12J1) U C6(12.Q) U C8(12.01) U C10(12111) U {0} PO
Co(lz.q) U Cl(lz.q) U Cz(lz.q) u C3(12.q) U C4(12.q) u Cs(lz.q) U
83 | (229,190,157,114) 020 § (L020) | (020§ (- (120) New
C, (12,q) uc (12,9) uc 12,9) uc (12,q) uc (12,q) uc (12,9) U
84 | (229,191,159,190 0 1 2 3 4 5 New
( ) C6(12,q) U C8(12.KZ) U Cg(lz.lﬂ U Clo(lz.q) U {0}
85 | (349,87,21,174) Co2D y ¢, 12D y ¢, (120 QlorD
C (12,q) ucC (12,9) ucC (12,q) ucC (12,q) uC (12,9) ucC (12,9) U
86 | (349,262,196,174 0 1 2 4 5 6 New
( ) C8(12,Q) U C9(12.¢I) U Cm(lz.q) U {0}
87 | (373,94,23,186) Co 12D y ¢, 12D y ¢, (1290 y {0} Q2 or DO
C0(12.q) U Cl(lz'q) U Cz(lz.q) U C4(12.q) U Cg(lz'q) U C6(12.q) U
88 | (373,279,208,186) 0,020 | (,020) | ¢, (120 New
89 | (733,366,182,366) | c,**? u c,12D y ¢, 12D y ;02D y ¢, 12D y ¢, 12D Nor D2
90 | (733,366,182,366) | ¢,(12P y ¢, 2D y ¢, 12D y ¢, 12D y (12D y ¢, (12D >
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Table 1. Aimost Difference Sets from Cyclotomic Classes of Order 12 (up to equivalence) cont.

(9. k 2t) Almost Difference Sets Class
91 | (733,367,183,366) | C,12P u ¢, 120 y ¢, 120 y ;12D y ¢, 12D y ¢, 129 y {0} Q3
92 | (733,367,183,366) C0(12,q) u Cz(lz.q) U C4(12.q) U Cﬁ(lz.q) U CB(12.q) U Clo(lz.q) U {0} PO
93 | (877,146,24,730) | ;%P u ;2 forany i € {3,9} New
94 | (877,147,24,438) | ¢,**? u ;12D y {0} forany i € {3,9} New

Co(lzlq) U Cl(lz.q) U Cz(lzlq) U C3(12.q) U C4(12111) U Cs(lz.q) U
C6(12v12) U C7(12rq) U Cg(lz.tI) U 610(12.11)

C0(12,¢Z) U Cl(lz.q) U C2(12,Q) U C3(12.L1) U C4(12,¢I) U Cs(lz.q) U
C6(12,q) U 67(12'Q) U C9(12'Q) U C10(12.Q) U {0}

95 | (877,730,607,438) New

96 | (877,731,609,730) New

Based on the findings, a single cyclotomic class Co(lz'q) can produce almost difference sets if g = 37, 61.
On the other hand, a single cyclotomic class together with zero, Co(lz'q) U {0}, can form almost difference sets
if ¢ = 13,37, 61. There exist three new inequivalent (13, 5, 1, 4) almost difference sets generated from unions
of five cyclotomic classes, two new inequivalent (13,6,2,6) almost difference sets generated from six
cyclotomic classes, two new inequivalent (37, 6,0, 6) almost difference sets generated from two cyclotomic
classes, two new inequivalent (37,10, 2, 18) almost difference sets generated from three cyclotomic classes
together with zero, two new inequivalent (37,12,3,12) almost difference sets generated from four
cyclotomic classes, two new inequivalent (37,13,4,24) almost difference sets generated from four
cyclotomic classes together with zero, three new (37,16, 6, 24) almost difference sets generated from five
cyclotomic classes together with zero, and two new inequivalent (61,30, 14,30) almost difference sets
generated from six cyclotomic classes. There are also new constructions for g = 109, 229, 877.

If we restrict our attention to almost difference set D with |D| < q/2, the results are summarized in Table
2 up to complementation.

Table 2. Aimost Difference Sets from Cyclotomic Classes of Order 12 (up to complementation)

(9. k 2t) Almost Difference Sets Class
1 1(13,2,0,10) Co%D y ;12D forany 1 < i < 11 or C,*2% U {0} New
2 | 13,3,0,6) €120 y ¢, 129 y ¢,1290 or ¢, 120 y ;129 y {0} forany i € New
{1,3,4,5,7,8,9,11}
3 | (13,3,0,6) Co12D y ¢, 12D y 12D oy ¢, 12D y ;129 y {0} forany i € QlorD
{2,10}
4 (13.5,1,4) Co(lz'q) U 61(12!1) U 62(12,11) U C3(12:Q) U (“4(12,4) or C0(12‘Q) U New
i C1(12V¢Z) U Cz(lz.Q) U (:3(124?) U {0}
s (13 51 4) Co(lzlq) U Cl(lz.q) U Cz(lzlq) U C3(12.q) U Cé(lzlll) or Co(lz.q) U New
r C1(12V¢Z) U C4(12.Q) U C5(12v4) u {0}
6 (13 51 4) Co(lzlq) U Cl(lz.q) U Cz(lzlq) U C4(12.q) U Cs(lzlq) or Co(lz'q) U New
rer Cl(lz.q) U 62(12.(1) U C4(12,q) U {0}
. (13 62 6) C0(12,¢Z) U Cl(lz.q) U C2(12,Q) U C3(12'q) U C4(12,¢I) U Cé(lz'q) or New
e Co(lzlq) U C1(12.q) U Cz(lzlq) U C3(12.q) U Cé(lz'q) U {0}
8 (13 62 6) C0(12,¢Z) U Cl(lz.q) U C4(1ZIQ) U C5(12.Q) U C8(12,¢I) U C9(12,¢Z) or N or D2
e Co(lzlq) U Cl(lz.q) U Cz(lzlq) U C3(12.q) U Cg(lz'q) U {0}
9 (13,6,2,6) C0(12JZ) U Cl(lz.Q) U Cz(lz'q) U C3(12.Q) U 65(1241) U Cﬁ(lz.lJ) or New
e Co(lzlq) U Cl(lz.q) U Cz(lzlq) U C3(12.q) U C4(12,q) U {0}
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Table 2. Aimost Difference Sets from Cyclotomic Classes of Order 12 (up to complementation) cont.

(q.k A ¢) Almost Difference Sets Class

10 | (13,6,2,6) s L gy U Gy U G0 P
Co P u 6P U G U AP U AP U {0}

11| (37,3,0,30) C,1# = {1,10,26} New
12| (37,4,0,24) C,*%P u {0} = {0,1, 10, 26} New
13 | (37,6,0,6) Co 2P y ;12D forany i € {2, 10} New
14 | (37,6,0,6) Co 2Dy ;12D forany i € {4,8} New
15 | (37,7,1,30) C,12D y ;129 y {0} foranyi € (3,9} New
16 | (37,10,2,18) Cot2D y ¢, 12D y ¢,129 y {0} New
17 | (37,10,2,18) C,120 y ¢, 129 y ¢, 129 y {0} New
18 | (37,10,2,18) C,12D y ¢, 12D y ;12D y {0} Q2 0rDO
19 | (37,12,3,12) 60(12.11) U 61(12,11) U C4(12.q) U C7(12.q) New
20 | (37,12,3,12) Co(lz,q) U Cl(lz,q) U C4(12.q) U C9(12.q) New
21| (37,13,4,24) C,120 y ¢, 129 y ¢, 120 y ¢, 12D y {0} New
22 | (37,13,4,24) C,120 y ¢, 120 y ¢, (120 y ¢, 12D y {0} New
23 | (37,15,5,6) Co(lz.q) U Cl(lz,q) U C3(12.q) U C4(12.q) U C7(12.q) New
24 | (37,16,6,12) Co(lz.q) U Cl(lz,q) U Cz(lz.q) u C4(12.q) U C7(12.q) U {0} New
25 | (37,16,6,12) C, 120 y ¢, 120 y ¢, 120 y 02D y 129 y {0} New
26 | (37,16,6,12) C,120 y ¢, 12D y ¢, (120 y ¢, 02D y 129 y {0} New
27 | (37,18,8,18) CO(IZ.q) U 61(12,11) U C3(12.q) U C4(12.q) U 66(12"’) U Cg(lz.q) New
28 | (37,18,8,18) Co(lz.q) U Cz(lz.q) U C4(12.q) U C6(12.q) U C8(12.q) U Cw<12.q) p
29 | (61,5,0,40) Co,*%P = {1,9,20,34,58} New
30 | (61,6,0,30) €, y {0} = {0,1,9,20, 34,58} New
31| (61,10,1,30) Co120 y ¢, 2D forany i € {1,5,7,11} New
32| (61,15,3,30) C,120 y ¢, 12D y 120 QlorD
33 | (61,15,3,30) C,12 D y ¢, 12D y ¢, (129 New
34 | (61,30,14,30) €2 y ¢, 120 y ¢,120 ¢, (120 ¢, (120 ¢, 120 New
35 | (61,30, 14,30) CO(IZ.q) U 61(12,11) U C3(12.q) U C4(12.q) U 66(12"’) U Cg(lz.q) New
36 | (61,30,14,30) Co(lz.q) U Cz(lz.q) U C4(12.q) U C6(12.q) U C8(12.q) U Cw<12.q) p
37 | (109,27,6,54) C,120 y ¢, 12D y 120 QlorD
38 | (109,45,18,72) Co(lz.q) U C1(12rq) U C2(12.q) U Cs(lz.q) U C6(12vq) New
39 | (229,38,6,190) C,1%0 y ¢, 2D forany i € (4,8} New
40 | (229,39,6,114) C,12D y ;129 y {0} forany i € {4,8) New
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Table 2. Aimost Difference Sets from Cyclotomic Classes of Order 12 (up to complementation) cont.

(9, k,A,t) Almost Difference Sets Class
41| (229,114,56,114) C0(12.01) U C1(12.q) U (:4(12,01) U Cs(lz.q) U 68(12.q) U C9(12.q) N or D2
42 | (229,114,56,114) Co(lz.q) u Cz(lz.q) U C4(12.q) U (;6(12.4) U Cs(lz.q) U C10(12.q) P
43 | (349,87,21,174) C,1%P y ¢, 12D y ¢, (120 QlorD
44 | (373,94,23,186) C,1# u ¢, 12D y (129 y {0} Q2orDO
45 | (733,366,182,366) | ¢,(1#? u ¢, 12D y ¢,129 y ;12D y (129D y ¢, 12D Nor D2
46 | (733,366,182,366) CO(12.q) U C2(12,q) U 64(12.11) u C6(12.q) U Cs(lz,q) U Clo(lz.q) p
47 | (877,146,24,730) | C,2P u ¢;12% forany i € (3,9} New
48 | (877,147,24,438) | C,29 u ;129 y {0} foranyi € {3,9} New

In addition, the set D = C,(**® u ¢, 12D y ¢, 12D y ¢, 12D y ;12D y ¢;, 129 is an almost
difference setin (GF(q), +) with parameters (q,(q — 1)/2,(q — 5)/4, (@ — 1)/2) where g = 1 (mod 4). This
set is equivalent to Paley partial difference set. Similarly, the set D = C,*2® u ¢,(1*® y ¢, (12D y ¢, 12D y
Cs(lz'q) U Clo(lz'q) U {0} is also an almost difference set in (GF(q), +) with parameters (q,(q + 1)/2,(q —
1)/4, (q —1)/2) where g = 1 (mod 4) which is equivalent to Paley partial difference set with the residue
zero. These constructions can generate infinitely many almost difference sets with such parameters in
(GF(q),+), for example, g = 13,37, 61, 73,97, 109, 157, 181, 193, 229, 241, 277, 313, 337, 349, 373, 397,
409, 421, 433, 457, 541, 577, 601, 613, 661, 673, 709, 733, 757, 769, 829, 853, 877, 937, 997, ....
Furthermore, these constructions showed that almost difference sets can be constructed from the cyclotomic
classes of order twelve moduloa prime g = 12n + 1 with an evenn, forexample, q = 73,97,193, 241,313,
337,409, 433,457,577, 601, 673, 769, and 937.

The following are some examples of almost difference sets generated from unions of cyclotomic classes
of order 12.

Example 3.1 Let g = 13, and let the primitive element a = 6. Then

D = C0(12'Q) U C1(12.Q) U C2(12-Q) U C3(12'¢I) U C4(12'¢Z)
={1,6,8,9,10}
isa (13,5, 1,4) almost difference setin (GF(13), +).
Example 3.2 Let ¢ = 13, and let the primitive element a = 2. Then
D = C0(12"I) U C1(12.Q) U Cz(lz-Q) U C3(12'¢I) U C4(12'¢Z) U C6(12'q)
={1,2,3,4,8,12}
isa (13, 6,2,6) almost difference setin (GF(13), +). This set is not a Paley partial difference set.
Example 3.3 Let ¢ = 13, and let the primitive elementa = 7. Then
D = C0(12'Q) U C1(12JZ) U Cz(lz-Q) U C3(12'¢1) U Cs(lz'Q) U C6(12'q)
={1,5,7,10,11,12}
isa (13, 6,2, 6) almost difference setin (GF(13), +). This set is not a Paley partial difference set.
Example 3.4 Let ¢ = 37, and let the primitive elementa = 17. Then
D = C0(12.Q) U Cl(lz.Q) u C2(12-Q) U {0}
={0,1,3,4,10,17,22,26,30,35}
isa (37,10, 2,18) almost difference setin (GF(37), +).
Example 3.5 Let ¢ = 37, and let the primitive element a = 2. Then
D = C0(12'Q) U C1(12'Q) U C3(12-Q) u {0}
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={0,1,2,6,8,10, 15, 20, 23,26}
isa (37,10, 2,18) almost difference setin (GF(37),+).
Example 3.6 Let ¢ = 37, and let the primitive element @ = 2. Then
D = Co(lz.(I) U Cl(lz'q) u C4(1ZIQ) U C7(12'q)
={1,2,9,10,12,15,16,17, 20, 22, 26, 35}
isa (37,12, 3,12) almost difference set in (GF(37), +).
Example 3.7 Let ¢ = 37, and let the primitive element @ = 2. Then
D = C0(12.q) U C1(12.q) U 63(12.11) U C4(12.q) U C6(12.q) U C9(12,q)
={1,2,6,8,9,10,11,12,14,15, 16, 20, 23, 26,27, 29,31, 36}
isa (37,18, 8,18) almost difference setin (GF(37), +). This set is not a Paley partial difference set.
Example 3.8 Let g = 61, and let the primitive element « = 2. Then
D = Co(lz,q) U C1(12.q) U 62(12,11) U C3(12.q) U C7(12,q) U Cs(lz»q)
={1,2,4,6,7,8,9,11,12,14,18, 19, 20, 21, 25, 28, 34, 36,37, 38,40, 42, 43,47, 49,
54,55,57,58,59}
isa (61,30, 14,30) almost difference setin (GF(61), +). This set is not a Paley partial difference set.
Example 3.9 Let g = 61, and let the primitive element « = 10. Then
D = Co(lz'q) U Cl(lz.q) U 63(12.11) U C4(12.q) U C6(12.q) U C9(12,q)
={1,3,8,9,10,11,12,17, 20,23, 24, 25,27, 28,29, 31, 33,34, 35,37, 38,41, 42,47,
50,52,53,57,58,60}
isa (61,30, 14,30) almost difference set in (GF(61), +). This set is not a Paley partial difference set.
Example 3.10 Let ¢ = 37, and let the primitive element @ = 2. Then
D = Co(lz'q) U C2(12.¢I) U C4(12.12) U C6(12.Q) U C8(12-Q) U C10(12,Q)
={1,3,4,7,9,10,11,12,16, 21, 25, 26, 27,28, 30, 33, 34,36}
isa (37,18, 8,18) almost difference setin (GF(37), +). This set is a Paley partial difference set.

4.0 Conclusion
This paper presented a new construction of almost difference sets via cyclotomy of order 12. Moreover,
the equivalence of the obtained almost difference sets having the same parameters was determined up to
complementation.
Based on the findings, we have constructed a (q, (¢ — 1)/2,(q — 5)/4, (q — 1)/2) almost difference set
in GF (g) from the union of six cyclotomic classes of order 12, where g = 1 (imod 4). This set is equivalent to
q-1

Paley partial difference set and can generate sequences of period g = 1 (mod 4), where k = - Similarly,

the same union of six cyclotomic classes together with zero forms an almost difference set with parameters
(. (q+1)/2,(qg—1)/4, (q—1)/2) where q =1 (mod 4).

In addition, we also have found three inequivalent (q, (¢ — 3)/2, (¢ — 9)/4, (¢ — 5)/2) almost difference
sets in GF(q) from unions of five cyclotomic classes of order 12, where q = 13. The obtained (13,5, 1, 4)
almost difference sets can generate sequences of period g = 1 (mod 4) with optimal autocorrelation values
—1and 3, where k = 5.

Furthermore, there exist two new inequivalent (13, 6, 2,6) almost difference sets which are not partial
difference sets, two new inequivalent (37, 6, 0, 6) almost difference sets, two new inequivalent (37,10, 2, 18)
almost difference sets, two new inequivalent (37,12, 3,12) almost difference sets, two new inequivalent
(37,13,4,24) almost difference sets, three new (37,16,6,24) almost difference sets, and two new
inequivalent (61,30, 14, 30) almost difference sets which are not partial difference sets, all generated from
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unions of suitable cyclotomic classes of order 12. Other new almost difference sets are also constructed for
q = 109,229,877.

The question of whether the set D = ¢,%? u ¢,1?P y ¢;12D y ¢, 12D y ¢,129 y ¢,129 pelongs
to an infinite family of almost difference sets that are different from the Paley partial difference set remains
unresolved. However, it has been established that this set can be considered an almost difference set when g
is equal to either 37 or 61. It is intriguing to explore the conditions under which q satisfies this property and to
extend its parameters in a general context.

It is still an open problem to generalize and prove that the set D = C,*%® u ¢,(*#% y ¢, 12D y
Cs1% U 12D y ¢;,1%9 is an almost difference set in (GF(q),+) with parameters (g, (q — 1)/2, (q —
5)/4,(q — 1)/2) forall ¢ = 1 (mod 4) using other theoretical methods without computer search.
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