Perfect Quter-connected Domination in the
Join and Corona of Graphs

Abstract

Let G be a connected simple graph. A dominating set S S V(G) is called a perfect dominating set of G if
eachu € V(G)\ S is dominated by exactly one element of S. A set S of vertices of a graph G is an
outer-connected dominating set if every vertex not in S is adjacent to some vertex in S and the subgraph
induced by V(G) \ S is connected. A perfect dominating set S of a graph G is a perfect outer-connected
dominating set if the subgraph induced by V(G)\ S is connected. The perfect outer-connected
domination number of G, denoted by 7 (G), is the smallest cardinality of a perfect outer-connected
dominating set S of G. A perfect outer-connected dominating set with cardinality 7* (G) is called 7”-set
of G. In this paper, we will show that given positive integers, a,b,c,and nsuch thata < b < ¢ < n—
1, there exists a connected graph G with [V(G)| = n, y(G) = a,,(G) = b, and 7’ (G) = c. Further, we
give the characterization of the perfect outer-connected dominating set of the join and corona of two
graphs and give their corresponding perfect outer-connected domination number.

Keywords: perfect dominating set, outer-connected dominating set, perfect outer-connected dominating
set.

1. Introduction

Domination in graph was introduced by Claude Berge in 1958 and Oystein Ore in 1962. One type of
domination in graphs is the perfect domination. This was introduced by Cockayne et.al. The inverse
perfect domination in graphs was introduced by Salve and Enriquez. The outer connected domination in
graph is found in the paper of Cyman and Raczek and in the paper of Chang, Liu, and Wang. Computing
a minimum outer-connected dominating set can be read in the paper of Mark Keil and Pradhan. In this
paper, we introduce the concept of perfect outer-connected domination in graphs and apply this concept
using the binary operations such as the join and corona of two graphs. For general concepts we refer the
reader to.

Let G = (V(G),E(G)) be a connected simple graph and v € V(G). The neighborhood of v is the set
Ne(v) = Nw) = {u€e V(G):uv € E(G)}. If S € V(G), then the open neighborhood of S is the
set Ng(S) = N(S) = UpesNg (V). The closed neighborhood of S is N;[S] = N[S] = SU N(S). A
subset S of V(G) is a dominating set of G if for every v € (V(G)\ S), there exists x € S such that
xv € E(G), i.e.,, N[S] = V(G). The domination number y(G) of G is the smallest cardinality of a
dominating set of G.

A dominating set S € V(G) is called a perfect dominating set of G if each u € V(G)\ S is
dominated by exactly one element of S. The perfect domination number of G, denoted by y, (G), is
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the minimum cardinality of a perfect dominating set of G. A perfect dominating set of cardinality y, (G) is
called a y,-set of G. A set S of vertices of a graph G is an outer-connected dominating set if every vertex
not in S is adjacent to some vertex in S and the subgraph induced by V(G) \ S is connected. The outer-
connected domination number ¥, (G) is the minimum cardinality of the outer-connected dominating set S
of a graph G. An outer-connected dominating set of cardinality 7,.(G) is called a ¥.-set of G. A perfect
dominating set S of a graph G is a perfect outer-connected dominating set if the subgraph induced by
V(G) \ S is connected. The perfect outer-connected domination number of G, denoted by 77 (G), is the
smallest cardinality of a perfect outer-connected dominating set S of G. A perfect outer-connected
dominating set with cardinality 77 (G) is called 7/ -set of G.

As an application, we consider a computer network in which a core group of fileservers has the ability to
communicate directly with every computer outside the core group. In addition, every computer outside
the core group is connected exactly with one fileserver. Moreover, every two computers outside the core
group may directly communicate with each other without intervention of any of the fileservers to protect
the fileservers from overloading, or every two computers outside the core group may be connected
through another computer outside the core group. A smallest core group with these properties is a 77 -set
for the graph representing the network.

2. Results

From the definitions, the following result is immediate.

Remark 2.1: Let G be a connected graph of order n > 2. Then y(G) < y,(G) < 72(6).

Theorem 2.2: Let a,b,c, and n > 2 be positive integers such thata < b < ¢ < n— 1. Then there
exists a connected graph G with [V(G)| = n such that y(G) = a, y,,(G) = b, and 72(6) = c.

Proof: Consider the following cases:
Casel. Supposea=b=c<n-—1.

Let G = P, o K; (see Figure 1) and let n = 2a.

n g Uy Ug—1 g
Figure 1: A graph G witha=b=c<n—1

The set A ={u;:i=1.2,...,a}is ay-set, y,-set, and 77 -set of G. Thus, |V(G)| = 2|A| = 2a = n,
y(G) = Al = a,%,(6) = |A| = b,and 7/ (G) = |A| = c.

Case2. Supposea=b <c<n-—1.

Leta =k + 1 for some k € \N,n = 3a and ¢ = 2a. Consider the graph G obtained from the graph in
Figure 1 by adding the vertex x; and the edges u;x; fori = 1,2,...,a (see Figure 2).



2016 Enriquez, Fernandez, Punzalan and Dayap 3

Vg

Figure 2: A graph G witha=5b<e¢ <n — 1.
ThesetA ={u;:i=12,...,a}isay-set andyp—set ofG,and B =AU {x;:i = 1,2,...,a}isa}7f—set
Thus, [V(G)| =3|A| =3a =n,y(G) = |[A] = a,¥,(G) = |A| =a =D, and 77 (G) = |B| = 2a = c.
Case3. Supposea <b=c<n-1.

Let a = 2k + 1 for some k € N,2b =3a —1, and n = 3a — 1. Consider the graph G obtained from
P, = [x1,%3,...,%,] and Py,_1 = [V{,Wq,...,Ve_1,Wq_1,V,] by adding the edges x;v; for all i =
1,2,...,a (see Figure 3).

Figure 3: A graph G witha <b=¢ < n — 1.

The sets A ={v;:i=1,2,...,a}is ay-set of G, B=V(P) VU {vy;:i = 1,2,...,“2;1} is a y,-set and
72 -set. Thus, [V(G)| = [V(P)| + [V(Paq-1)| =3a—1=n,y(G) = |A| = a,¥,(G) = |B| =a+ (a —
1)/2=Ba-1)/2=b,and 7’ (G) = |B|=b =c.

Cased. a<b<c<n-—1.
Leta =2k + 1 for some k € N, 2b =3a — 1, and 2c = 2n — 3a + 1. Consider the graph G obtained

from the graph in Figure 3 by adding the vertices yy,¥s,...Yn_34+1 the edges x,y; for all i =
1,2,...,n—3a + 1 (see Figure 4).
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Figure 4: A graph G witha <b<c<n— 1.

The sets A ={v;:i=12,...,a—1}U {x, }is ay-setof G,B=V(B) VU {vy:i = 1,2,...,a7_1}is a
Yp-setand C =BU{y;:i=12,...,n—3a+1}is a y¥-set. Thus, |V(G)| = [V(P)| + |V (Pye—1)| +

Kyi:i=12,....n=3a+1}=a+Ra-1)+n—-3a+1)=n , y@G)=Al=(@-1D+1=

4y @) =Bl=@+="==b, ad 7/G)=|Cl=b+@m-3a+1)=""+n-3a+
2n—3a+1

1): 2 =

CaseS. Supposea < b <c=n-—1.
Consider the graph G obtained from Py, 1 = [v1, Wy, ..., Vqy_1, Wq_1, V] by adding the vertices x;, y; and

the edges v;x;, v;y; for all i = 1,2,...,a and adding the vertices u; and the edges v,u; for all j =
1,2,...,c —4a + 2 (see Figure 5). Let b = 2a — 1.

Uz

Ue—ga+2

Y Yz Yz Ya—1 Ya

Figure 5: A graph G5

The set A={vi:i=12,...,a}is ay-set of G, B=AU {wi:i=12,...,a—1}is a y,-set and
C={x:i=12,...,a}u{y:i=12,...,a—1}UBU {u:i=12,....c—4a+2} is a 7 - set.
Thus, [V(G)|=a+a+(a+ta—-1)+(c—4a+2)=c+1=n,y(G)=|Al=a,¥,(G)=|B|=a+
(a—1)=2a-1=band 7 (G)=|Cl=(@+@-1D+[a+(@—1)]+(c—4a+2)=c.

This proves the assertion. m

Corollary 2.3: The difference 7” (G)-¥,(G) can be made arbitrarily large.

Proof: Let n be a positive integer. By Theorem 2.2, there exists a connected graph G such that 7¥ (G) =
n+1 and y,(G) = 18. Thus, 77(6) - ¥ (G) = n, showing that 77 (6) — # (G) can be made arbitrarily

large. m

Theorem 2.4: Let G be a nontrivial connected graph. Then #¥ (G) = 1 if and only if G = K; + H where
H is a connected graph.
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Proof: Suppose that 77 (G) = 1. Let S = {v } be a7’ -set in G. Since G is nontrivial, V(G) \ S # 0.
Since S is outer-connected, ( V(G) \ S) is a connected graph. Let H = (V(G) \ S). ThenG =K_1+H,
where H is a connected graph.

For the converse, suppose that G = K; + H, where H is a connected graph. Let S = V(K;). Then S is a
dominating set of G. Since each vertex of V(H) = V(G) \ S is dominated by exactly one vertex in S, it
follows that S is a perfect dominating set. Since (V(G) \ S) = H is a connected graph, S is an outer-

connected dominating set of G. Thus, S is a perfect outer-connected dominating set of G. Hence, ¥ (G) =
1. m

The next result follows immediately from Theorem 2.4.
Corollary 2.5: Let K, be a complete graph, F, = K; + B, and W,, = K; + C,,.
(i) 7 (Ky) =1
@) 7. (F) =1
(i) 77 W) =1
The join of two graphs G and H is the graph G + H with vertex-set V(G + H) = V(G) U V(H) and edge-
set E(G+H)=EG)VU E(H)U {uv:u €V (G),veV(H)}.

The next result presents a characterization of the perfect outer-connected dominating sets in the join of
two connected graphs and gives the corresponding perfect outer-connected domination number.

Theorem 2.6: Let G and H be nontrivial graphs. A proper subset S of V(G + H) is a perfect outer-
connected dominating set of G + H if and only if one of the following holds.

(i) S = { x } is a dominating set of G.
(i) S = { y } is a dominating set of H.

(iii) S = {x } U {y}, where x is an isolated vertex of G and y is an isolated vertex of H.

Proof: Suppose that S © V(G + H) is a perfect outer-connected dominating setin G + H. If Sn V(H) =
@, then S c V(G).

Suppose that |S| = 2. Let x,y € S. Then there exists u € V(H), that is, u € V(G + H) \ S such that
xu,yu € E(G + H). This contradict to our assumption that S is a perfect dominating set of G + H. Thus,
|S| £ 2 and hence |S| = 1. Let S = {x }. Then S is a dominating set of G. This proves statement (i).
Similarly, if S € V(H), then statement (ii) holds. Now, suppose that S =S N V(G) #Pand Sy =S N
V(H) # @. Then, S = S; U Sy, where S; € V(G) and Sy € V(H). This implies that |S_G| = 1 and
[Sy| = 1 by (i) and (ii) respectively (otherwise S is not a perfect dominating set). Let S; = { x } and
Sy = {y }. Suppose that there exists v € V(G) such that xv € E(G) and hence xv € E(G + H). Then
yv € E(G + H). Since S = { x,y }, it follows that S is not a perfect dominating set of G + H contrary to
our assumption. Thus, x must be an isolated vertex of G. Similarly, y must be an isolated vertex of
H (otherwise S is not a perfect dominating set). This proves statement (iii).
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For the converse, suppose that statement (i) holds. Then S is a perfect dominating set in G + H. Since G
and H are a nontrivial graphs, letv € V(G)\ Sandu,y € V(H). Thenv,u,y € V(G + H) \ S where
vu,vy € E(G + H). Since v,u and y are arbitrary elements of V(G + H) \ S, it follows that ( V(G +
H)\ S)is connected. Hence S = { x } is a perfect outer connected dominating set of G + H. Similarly, if
statement (ii) holds, then S = { y } is a perfect outer connected dominating set of G + H. Now, suppose
that statement (iii) holds. Then, S = { x,y } is a dominating set G + H. Since x is an isolated vertex of G
and H is nontrivial, there exists u € V(H) \ {y } such that xu € E(G + H) and since y is an isolated
vertex of H and G is nontrivial, there exists v € V(G) \ { x } such that yv € E(G + H) forall v € V(G).
Since u,v € V(G + H) \ S, it follows that for each vertex w € V(G + H) \ S there exist exactly one
vertex z € S such that wz € E(G + H). Hence S is a perfect dominating set of G. Now, since uv €
E(G+H) for allu,v e V(G+H)\ S where ve V(G)\{x}andu € V(H)\{y} it follows that
(V(G + H)\ S)is connected. Hence S is an outer-connected dominating set of G + H. Accordingly, S is
a perfect outer-connected dominating set of G + H. m

The next result follows immediately from Theorem 2.6.
Corollary 2.7: Let G and H be nontrivial graphs. Then

- 1, ify(G)=1ory(H)=1
P —
Ve (G+H) = {2, if each G and H has isolated vertex

A graph G is connected if there is at least one path that connects every two vertices x,y €
V(G), otherwise, G is disconnected. A dominating set S € V(G) is called a connected dominating set of
G if the subgraph ( S) induced by S is connected. A set S € V(G) is a doubly connected dominating set if
it is dominating and both { §) and {( V(G) \ S) are connected.

Remark 2.8: Every doubly connected dominating set of G is an outer-connected dominating set.

The following result is needed for the characterization of the perfect outer-connected dominating sets of
the corona of graphs.

Theorem 2.9 [1]: Let G be connected graph and H be any graph. Then a nonempty set C <€ V(G o H) is
adcd-set of G o H if and only if there exists a vertex v of G such that

C =V(®U [UyevienwVHDIU VHIN\ T?)
where ( TV) is a connected subgraph of H".

Lemma 2.10: Let G be connected graph and H be any graph. Then a nonempty proper subset S of
V(G o H) is a perfect outer-connected dominating set of G o H if there exists a vertex v of G such that

S =V(@U [UuevngvyVH)DIU (VH)\ TY)
where ( TV) is a connected subgraph of H”.

Proof: Suppose that there exists a vertex v of G such that

S =V(@U [UuevngvyVH)DIU (VH)\ TY)
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where ( T?) is a connected subgraph of H'. Then by Theorem 2.9, S is a doubly connected dominating set
of G o H. By Remark 2.8, S is an outer connected dominating set of G. Further, since V(G o H) \# 0, let
x € V(Geo H)\ S. Then x € T? for some v € V(G), that is xv € E(G o H). Since V(G) c S,v €.
This implies that each x € V(G o H) \ S is dominated by exactly one vertex v € S, and hence, S is a
perfect dominating set of G o H. Accordingly, S is a perfect outer-connected dominating set of G o H. m

Lemma 2.11: Let G and H be connected graphs. Then a nonempty proper subset S of V(G o H) is a
perfect outer-connected dominating set of G o H if for every vertex v € V(G), S = Uyey)Sy
where S, = { x } is a dominating set of H”.

Proof: Suppose that for every vertex v of G, S = Uyey()S, where S, = { x } is a dominating set of H".

Then for each v € V(G), {x}is a dominating set of v + H". Further, eachu € V(v + H") \ {x } is
dominated by x, and so {x } is a perfect dominating set of v+ HY for each v € V(G). Now, S =
Uver(c)Sy 1s a perfect dominating set of ( U,y )V (v + HY)) = G o H. Clearly, if H is trivial, then
(V(G o H)\ S)is connected and hence S is a perfect outer-connected dominating set of G o H. Suppose
that H is nontrivial. Since V(Ge H)\ S# @,lety € V(Go H)\ S.Ify € V(G),thenyu € E(G > H)
for some u€ V(H)\{x}. If ye V(H")\{x} for each v € V(G), then yv € E(G o H). Since
y,u,v € V(Go H)\S, it follows that (V(G o H)\ S)is connected and hence S is a perfect outer-
connected dominating set of G o H. m

Theorem 2.12: Let G be connected graph and H be any graph. Then a nonempty proper subset S of
V(G o H) is a perfect outer-connected dominating set of G o H if and only if one of the following

statements is satisfied:

(@) there exists a vertex v of G such that § =V (G)U [Uyev@nmVH")U (V(HY) \ TV) where (T")
is a connected subgraph of HV.

(i) for every vertex v € V(G), S = Uyey(g)Sy Where S, = { x } is a dominating set of H”.

Proof: Suppose that a nonempty proper subset S of V(G o H) is a perfect outer-connected dominating set
of G o H. Consider the following cases:

Casel. Consider that H is not a connected graph.

Let (T) be a connected subgraph of H. Then S =V(Go H)\ T? for some v € V(G) is an outer-
connected dominating set of G o H. Thus, there exists v € V(G) such that

§ = V(G\circ M)\ T"v = V(G)U [Uyern (»)V(HOIU (VHD\T?)
where ( T?) is a connected subgraph of H”. This shows statement (i).
Case2. Consider that H is a connected graph.

Then H is a connected subgraph of G ¢ H and hence S = V(G o H) \ V(H") for some v € V(G) is an
outer connected dominating set of G o H. Thus there exists v € V(G) such that

§=V(G o H)\ T"v =V(OU [Uuevn vV HDIU (VHY)\T?)
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where ( T") is a connected subgraph of H”. Again, this shows statement (i). Now, if S, ={x}is a
dominating set of H” for each v € V(G), then § = Uye y(4)S, showing statement (ii).

For the converse, suppose that statements (i) or (ii) holds. Consider first statement (i). In view of
Lemma 2.10, S is a perfect outer connected dominating set of G o H. Next, consider statement (ii), then S
is a perfect outer connected dominating set of G o H by Lemma 2.11. m

The following corollaries are immediate consequences of Theorem 2.12.

Corollary 2.13: Let G and H be connected graphs. Then there exists v € V(G) such that 77 (G o H) =
V(O + Zuevn @y [VEH)I.

Corollary 2.14: Let G be connected graph of order n > 1 and H be any graph of order m. Then
77(G o H) = mn + n — r where r = max{|V(J)|:] is a connected subgraph of H}.In particular, if H
is connected, then 77 (G o H) = mn+n —m.
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