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Almost Difference Sets from Unions of Cyclotomic Classes of
Order 10

Benedict Estrella

Mathematics Department,
College of Science, Bulacan State

University, Bulacan, Philippines This study investigated the problem of constructing almost difference

sets from single and unions of cyclotomic classes of order 10 (with and

*Corespondence: without zero) of the finite field GF(q), where q is a prime of the form q = 10n+1

benedictestrella@bulsu.edu.ph for integer n21 and q<1000. Using exhaustive computer searches in Python,
the method computed unions of two classes up to nine cyclotomic classes.
Moreover, the equivalence of the generated almost difference sets having the
same parameters was determined up to complementation. Results showed
that a single cyclotomic class formed an almost difference set for q = 31, 71,
and 151, while including zero produced an almost difference set for q=11,
31, 71, and 151. Additionally, Paley partial difference sets were constructed
from the union of five cyclotomic classes. These findings addressed gaps in the
literature on cyclotomy of order 10.

almost difference set, cyclotomic class, union

INTRODUCTION

According to a survey on almost difference sets by Nowak (2014) and Ding et al. (2014), the study
of almost difference sets is of interest in combinatorics and have a wide range of applications in
engineering such as CDMA communications, coding theory and cryptography. In CDMA
communications, some cyclic almost difference sets yield sequences having optimal autocorrelation.
The original motivation for introducing and studying almost difference sets is the construction of
binary sequences with optimal autocorrelation (Ding, 2014). Likewise, in coding theory, they can be
employed to construct cyclic codes. Lastly, in cryptography, they can be used to construct functions
with optimal nonlinearity.

Let (G, +) be an abelian group of order q. A k-subset D of G is a (g, k, A, t) almost difference set
of G if the difference function diff, (x) takes on A altogether t times and A + 1 altogether g — 1 — ¢
times when x ranges over all the nonzero elements of G, where the difference function diff, (x) is
given by diff,(x) = |D n (D + x)|. This definition is adopted by Ding et al. (2001), which is a
generalization and a unified version of the two definitions of almost difference sets introduced in
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Davis (1992) and Ding (1994). The study notes that almost difference sets are just generalizations of
difference sets when t = 0 or t = g — 1. Throughout this paper, the author only considers almost
difference sets witht # 0and t # q — 1.

Cyclotomy is a powerful tool for constructing almost difference sets where cyclotomic classes of
finite fields are employed. Moreover, there are very few constructions of almost difference sets from
unions of cyclotomic classes. In the literature, cyclotomic classes of orders 2, 4, 8, and 12 were
employed to construct almost difference sets but no constructions from unions of cyclotomic classes
of order 10. It would be interesting if new constructions could be found.

In this paper, the author shows new construction of cyclotomic almost difference sets from
unions of suitable cyclotomic classes of order 10 (with and without the residue zero) of the finite field
GF(q), where q is a prime of the form g = 10n + 1 for integer n = 1 using an exhaustive computer
search.

METHODS

Preliminaries

An almost difference set D is called abelian or cyclic (nonabelian or noncyclic) if the group G is
abelian or cyclic (nonabelian or noncyclic). Two almost difference sets D; and D, are considered
equivalent if there exists an automorphism ¢ of G and an element b € G such that 0(D,) = D, + b.
In particular, if G is cyclic, D; and D, are equivalent if an integer a with gcd(a, g) = 1 exists, such that
aD; = D, + bforsome b € G (Ding et al,, 2014).

If D is a (q, k, A, t) almost difference set in an abelian group (G, +), then k(k — 1) = tA+ (q —
1 —t)(A + 1). Moreover, its complement, D¢ = G \ D is also an almost difference set in (G, +) with
parameters (q,q — k,q — 2k + A, t) (Ding, 2014).

A classical method for constructing almost difference sets in the additive groups of finite fields is
to use cyclotomic classes of finite fields. Let g = nN + 1 be a power of a prime, and let « be a fixed
primitive element of GF(q). Define C;¥'® = ai(a™), where (aV) denotes the multiplicative group
generated by a¥. The cosets Ci(N'q) are called the cyclotomic classes of order N in GF(q) (Ding et al.,
2014).

The theorem below summarizes some known almost difference sets constructed via cyclotomy
(Ding, 2014; Nowak, 2014) .

Theorem 2.1: Below is a list of cyclotomic almost difference sets in (GF(q), +).

1. C,*P with parameters (g, (q — 1)/2,(q — 5)/4,(q — 1)/2), where g = 1 (mod 4). Itis
also called the Paley partial difference set.

2. CO(A‘"’) with parameters (q, (q — 1)/4,(q — 13)/16,(q — 1)/2), where q = 4t + 25 or
q = 4t* + 9and t? is odd.

3. Co™P U {0} with parameters (q, (q + 3)/4,(q — 5)/16, (q — 1)/2), where q = 4t + 1
orq = 4t* + 49 and t? is odd.

4. C,™D y ¢, ™D with parameters (q, (¢ — 1)/2,(q — 5)/4,(q — 1)/2), where g = t* + 4
andt = 1 (mod 4).

5. CZ(A"") U {0}with parameters (q, (q + 3)/4,(q — 5)/16,(q — 1)/2), where q = 4t% + 1or
q = 4t? + 49 and t is odd.
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6. Co®% with parameters (g, (¢ — 1)/8, (q — 41)/64,(q — 1)/2), where q = 41 (mod 64)
and q = 4t? 4+ 192 = 2b% + 1 for some integer t and b or ¢ = 41 (mod 64) and q =
4t% + 132 = 2b? + 1 for some integer t and b.

7. C,®? U {0} with parameters (q, (q + 7)/8,(q — 9)/64,3(q — 1)/4), where q = 64t* +
9 = 8b? + 1 for some odd integers t and b

The following theorem indicates that unions of cyclotomic classes of order eight can be
employed to construct almost difference sets (Ding et al., 2014).

Theorem 2.2: Suppose thatr = t2 + 2 = 3 (mod 8) is a prime power, where tis an integer. Let
q =2 Thentheset D = C,®? u ¢, ®9 U ¢, U ;9 is an almost difference set in (GF(q), +)
with parameters (q,(q —1)/2,(q — 5)/4, (¢ —1)/2), provided that the generator a of GF(q)*
employed to define the cyclotomic classes of order eight is appropriately chosen.

The following theorem shows that unions of cyclotomic classes of order 12 can be employed to
construct almost difference sets (Nowak et al., 2013).

Theorem 2.3: Let g be a prime of the form q = t? + 4 = 1 (mod 12), where ¢ = 1 (mod 4).
Then the set D = ;%% u ¢, *2P y ¢,12D y ;129 y 129 U €,129 s an almost difference
set in (GF(q), +) with parameters (q,(q —1)/2,(q — 5)/4, (q — 1)/2) for an adequately chosen
primitive element of GF (q) employed to define the cyclotomic classes of order 12.

Ma included the following result in his survey of partial difference sets, which produces a lot of
almost difference sets in (GF (g ), +), where q is an even power of a prime (Ding, 2014).

Theorem 2.4: Assume that p is an odd prime, N > 2 is a positive eve}n integer, g = p¥?, where
N| (p’ + 1) for some j and j is the smallest such positive integer. If y, p, 2=~ are all odd, then the set
D=Y;C:"Pisa(q (q—1)/2,(q—5)/4(q—1)/2) almost difference set in (GF(q), +), where
these Cl(N @ are cyclotomic classes of order N in GF(g),and I < {0,1,...,N — 1} with |I| = N/2.

Computational Procedure

The computational procedure adopted the search method from the algorithms of Balmaceda &
Estrella (2021) and Estrella (2022). Given an input prime g, the method finds all almost difference
sets from unions of two or more GF(q) cyclotomic classes with or without zero. The search was
performed for all primes g < 1000 of the form g = 10n + 1. Lastly, it was determined whether the
obtained almost difference sets, if any, are equivalent to each other and to known cyclotomic almost
difference sets, as described in Theorem 2.1, Theorem 2.2, Theorem 2.3, and Theorem 2.4.

Computer programs were written using Python, performing the following steps for a given input g.

1. Choose a primitive element a of GF (q).

2. Compute the cyclotomic classes C, (10.9) ysing the chosen primitive element.

3. Take the union of Co(lo D with a second cyclotomic class and test if the obtained set forms
an almost difference set.

4. If no almost difference set is found, repeat steps 1-3 using a different primitive element
until an almost difference set is obtained or until the primitive elements of GF(q) are
exhausted.

5. Repeat steps 1-4 using the union of Co(lo"” with another cyclotomic class until all unions
of C, %P with a second cyclotomic class are exhausted.

6. Repeat steps 1-5, using Co(lo‘q) with two other cyclotomic classes, then Co(lo'q) with three
other cyclotomic classes, and so on up to Co(lo'q) with eight other cyclotomic classes.
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7. For each almost difference set obtained, check its equivalence with other generated sets
with the same parameters and to known cyclotomic difference sets.

The same steps will be applied but include zero in the unions to search for other possible
cyclotomic almost difference sets.

To find all primes g < 1000 of the form 10n 4+ 1 where n is any integer, the following code in
Figure 1 was utilized. Lines 2-14 will determine if the number q is prime or not. Lines 17-21 will return
all prime numbers less than 1000, congruent to 1 modulo 10.

11import math

2def isPrime(q) :

3 if (q <= 1) :
return False

5 if (q <= 3) :

6 return True

7 if(@%2==00rq%3==20) :

8 return False

9 i=5

10 while(i * i <= q) :

11 if (@%1i=00rq%@ +2) ==0):
12 return False

13 i=1+6

14 return True

16 #Return values of g s.t. g=10n+1
17 for q in range(1,1000):
18 if isPrime(q) and q%10 == 1:

19 n = (g-1)/10
20 if n.is_integer():
21 print(q)

Figure 1. Prime Numbers of the Form 10n + 1

Figure 2 shows the defined function primElts(q) to determine all primitive elements of GF (q) for
each input prime q. These primitive elements are used to define the cyclotomic classes of order 10.

1def primelts(q):

2 F=1]

3 i=1

4 r=g-1

5 while(i<=r):

6 k=0

7 if(r%i==0):

8 j=1

9 while(j<=i):
10 if (1%j==0) :
11 k=k+1
12 j=j+1
13 if(k==2):
14 F.append(i)
15 i=i+1
16 A =11
17 for a in range(2,q):
18 count = 0
19 for f in range(0,len(F)):
20 x = pow(a, (q-1)//F[f],q)
21 if x != 1:
22 count +=1
23 if count == Ten(F):
24 A.append(a)
25 return(A)

Figure 2. Primitive Elements

Next, another function, almost_dif f _set(parameters), was defined to determine the existence
of almost different sets from unions of two cyclotomic classes up to unions of nine classes. The case



Estrella, B

MULTIDISCIPLINARY RESEARCH JOURNAL

161

of three cyclotomic classes was discussed, as shown in Figures 3 and 4. The classes can be
represented by C,*%? u ¢, 1*P u ¢, 9 where 1 < i; < i, < 9. From Figure 3, the set of all
primitive elements was computed using the function primElts(q) in line 2. In line 3, the program
identified the first primitive element in the list to compute the cyclotomic classes in lines 4-16. The
obtained union in line 17 was subjected to codes in lines 32-44 of Figure 4 to check if it formed an
almost difference set. If no almost difference set was found, the program took the next primitive
element. Using the second primitive element, the cyclotomic classes were again computed. Then,
the same union was considered and tested for the existence of almost difference set. The same steps
were repeated until an almost different set existed or the primitive elements of GF(q) were all
exhausted. The same procedure was applied until the possible unions of three classes were

exhausted.

2
3
4
5
6
8

9
10
11
12
13
14
15
16
17

1def almost_diff_set(q,kl,k2):

primelts_set = list(primElts(q))
for i in range(0,len(primelts_set)):
k = int(((g-1)/10))
diff_set0 = []
for j in range(0,k):
1 = pow(primElts_set[i],10%],q)
diff_set0.append(1)
diff_setl = []
for j in range(0,k):
1 = pow(primElts_set[i],10%j+k1,q)
diff_setl.append(1)
diff_set2 = []
for j in range(0,k):
1 = pow(primElts_set[i],10%j+(k1+k2),q)
diff_set2.append(1)

u= §et(djff_set0) | set(diff_setl) | set(diff_set2)

Figure 3. Union of three cyclotomic classes

r = len(u)
coprime_set = [num for num in range(l, q)]
Ten(coprime_set)
E Tist(u)
L=1]
for m in range (0,h):
F=1]
for n in range (0, r):
f = (E[n] + coprime_set[m]) % q
F.append(f)
x = len(set(u) & set(F))
L.append(x)
L2 set(L)
L3 = Tist(L2)
for i2 in range(0,len(L3)):
countl = 0
count2 = 0
t = (g-1)*(L3[i2]+1)+r*(1-r)
for j2 in range(0, len(L)):
if L[j2] == L3[i2]:
countl = countl + 1
if L[j2] == L3[i2]+1:
countZ2 = count2 + 1
if countl == t and count2 == (g-1-t):
return('Let {} be a primitive element.

D ={} is a ({},{},{},{}) almost difference set’
.format(primElts_set[i],sorted(u),q,r,L3[i2],t))

else:
return('Unknown')

Figure 4. Test for the existence of almost difference
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In addition, the codes in Figure 5 were needed to execute all the possible unions of three
cyclotomic classes and test each prime g < 1000. In line 8, the function almost_dif f_set(q, k1, k2)
was called to form the union and test the existence of almost difference sets.

lcount3 =0

2numbers = [11,31,41,61,71,101,131,151,181,191,211,241,251,271,281,
3 311,331,401,421,431,461,491,521,541,571,601,631,641,661,
4 lpo1,701,751,761,811,821,881,911,941,971,991]

5 for q in numbers:

6 for k1 in range (1,9):

for k2 in range (1,9):

~

8 y = almost_diff_set(q,kl,k2)

9 if y != '"Unknown':

10 count3 +=1

11 print('0,{},{} - {} : {}'.format(kl,kl+k2,q,y))
12 if kl+k2 == 9:

13 break

14print('There are {} almost difference set/s found.'.format(count3))
15

Figure 5. Test all possible unions for each q sets

Finally, if there exist almost difference sets, the codes in Figure 6 will be run to test the
equivalence of two or more almost difference sets with the same parameters.

1gq = prime number

2D = [d_1, d_2, ... , d_n]

301 = [di_1, di_2, ... , di_n]

4D2 = [d2_1, dz2_2, ... , d2_n]

5.

6.

7.

8bm = [dm_1, dm_2, ... , dm_n]

9setbi = [D1, D2, ... , Dm]

10 for B 1in setDi:

11 output = 0

12 for a in range (1, q):

13 c =]

14 for m in D:

15 C.append((a*m)%q)

16 for b 1in range (0, qg):

17 D = []

18 for n in B:

19 D.append{(n+b)%q)

20 if ((en(C) == 1en(D)) and (al1(i in C for i in D))):
21 print('D is Equivalent to {}'.format(B))
22 output = 1

23 break

24 if output ==

25 break
26 else:
27 print('{} is Not Equivalent to D'.format(B))

Figure 6. Test for Equivalence
RESULTS AND DISCUSSION

Let g < 1000 be a prime of the form g = 10n + 1 for any integern > 1. Table 1 summarizes the
parameters (g, k, A,t) and the unions of cyclotomic classes Cl-(w'q) (with and without the residue
zero), which form an almost difference set (up to equivalence) in the additive group GF(q) for a
suitably chosen primitive element of GF (q) employed to define the cyclotomic classes of order 10.
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Table 1. Almost difference Sets from Cyclotomic Classes of Order 10 (up to equivalence)

(q.k At Almost Difference Sets
G u {0} = {0,1}
1 |(11,2,0,8)
CoP U ;2% forany i (1 < i <9)
Co 10Dy ;10D y ;10D foranyi,j (1 <i#j<9)
2 | (11,3,0,4)
Co10D u ¢, 10D y {0}, forany i (1 < i < 9)
Co(lo.q) U C1(10.q) U CZ(IO.Q) u 63(10.61)
3 (11,4,1,8)
C0(10;CI) U Cl(lo.Q) U C3(10‘€I) U {0}
60(10.11) U 61(10,11) U C2(10.¢I) U C3(10,11) U C4(10.11) U C5(10.Q) U C7(10.11)
4 11,7,4,8
( ) 60(10-17) U Cl(lo.lﬂ U Cz(lo,fl) U (:3(10,11) U C4(10,¢I) U C5(10.¢Z) U {0}
Co(lovq) U Cl (10.q) U Cz(lon) U C3 (10,q) U C4(10:q) U CS (10.q) U
5 | (11,8,5,4) Ce 2y ¢y
re 60(10-Q) U 61(10-4) U C2(10,CI) U C3(10,Q) U C4(10,¢I) U C5(10'q) U
s v {0}
CQUWZ) U Cl(lo.Q) U 62(10‘Q) U 63(10‘@ U C4(10‘Q) U Cs(lo'CI) U
. 11,9,7,8) C6(10,q) U C7(10‘CI) U C8(10;CI)
(11,9,7, ¢, 300 ¢, @00 y ¢, 30 | ¢, 00 |, ¢, @0 ¢ 10
C6(10,q) U C7(10.q) U {0}
7 1(31,3,0,24) C,10P = 1,5,25}
8 |(31,4,0,18) ¢, y {0} = {0, 1,5, 25}
9 |(31,7,1,18) Co,10D y ¢, 10D y {0}, forany i € {1,3,7,9}
10 |(31,7,1,18) Co 10D y ;10D y (0}, forany i € {2,4,6,8}
11 | (31,9,2,18) Co10D y ¢, 10D y ¢, 100
12 | (31,9,2,18) C,10D y ¢, 10D y ¢, 100
13 | (31,9,2,18) C, (10D y ¢, 10D y ¢ 10D
14 | (31,12,4,18) Co 10D y ¢, 10D y ¢,100) y ¢, (10D
15 | (31,13,5,24) Co10D y ¢, 10D y ¢, 100 y ¢, (10D y {0}
16 | (31,13,5,24) C,(10D y ¢, (10D y ¢,10D y ¢, 10D y {0}
17 | (31,18,10, 24) Co10D y ¢, 10D y ¢, 10D y ¢, 100 y ¢, 100 y ¢ (10D
18 | (31,18,10,24) Co(lo.q) U Cl(lo,q) U Cz(lo,q) u C4(10,q) u Cs(lo.q) u C6(10.q)
19 |(31,19,11,18) 60(10-17) U Cl(lo.Q) U Cz(l()ﬂ) U C4(10,11) U C5(10,¢I) U C6(10.¢I) U {0}
Co(lovq) U Cl (10.q) U Cz(l()ﬂ) U C3 (10,!1) U C4(10:q) U CS (10.q) U
20 | (31,22,15,18) (10,)
Ce "7 u {0}
60(10-Q) U Cl(lovq) U Cz(lo'q) U C3(10'q) U C4(10'Q) U Cs(lovq) U
21 | (31,22,15,18) 10,)
%y {0}
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Table 1. (continued)
(q.k At) Almost Difference Sets
Co(lolq) U Cl(lo.q) U C2(10.q) U C3(10.q) U Cs(lo'q) U 6‘6(10.(1) U
¢, u {0}
Co(l()ﬂ) U C1(10'Q) U CZ (10"1) U C3 (1O'Q) U C4(1O'q) U Cs(lo'Q) U
(10,9) (10,9)
Ce uc,

Co(lolq) U Cl(lolq) U C2(10.q) U C3(10,q) U C4(10.q) U Cs(lo.q) U
66(10»11) U 68(10,51)

Co(lo»CI) U Cl(lolﬂ U C2(10,¢I) u C3(1O‘q) U C4(10,¢I) u Cs(lo'q) U
C6(10,q) U C7(10,q) U C8(10,q)

Co(lo,q) U Cl(lo,q) U Cz(lo,q) U C3(10,q) U C4(1°"7) U Cs(lo.q) U
66(10»11) U C7(10,¢I) U 68(10»51) U {0}

22 | (31,22,15,18)

23 | (31,24,18,18)

24 | (31,24,18,18)

25 | (31,27,23,18)

26 | (31,28,25,24)

27 | (71,7,0,28) Co1%D = (1,20,30,32,37, 45, 48}

28 | (71,8,0,14) Co1P U {0} = {0,1,20,30,32,37,45, 48}

29 | (71,29,11,28) Co(lo,q) U Cl(lo.q) U Cz(lo.q) u C4(10.q) U {0}

30 | (71,42,24,28) Co(lo,q) U Cl(lo.q) U Cz(lo.q) U Cs(lo.q) U C4(10.q) U Cé(lo.q)

Co(m,q) U Cl(m,q) U Cz(lo,q) U C3(lo.q) U C4(10.q) U Cs(lo.q) U
C6(10,q) U C7(10,q) U C8(10,q)

Co(lon) U C1(10:Q) U CZ (10,q) U C3 (10,9) U C4(1OIQ) U Cs(lon) U
66(10»51) U C7(10,¢Z) U 68(10.51) U {0}
33 | (131,52,20,78) | ¢,(1%P y ¢, 109 y ¢, 10D y ¢, 10D

31 | (71,63,55,14)

32 | (71,64,57,28)

34 | (131,53,21,104) | ¢,(1%D y ¢, 10D y ¢,10D y ¢, 10D y {0}

35 | (131,78,46,104) Co(lo.q) U Cl(lo.q) U Cz(lo.q) U C4(10.q) U Cs(lo.q) U Cé(lo,q)

36 (131’ 79,47, 78) Co(lolq) U Cl(lo.q) U C2(10.q) U C4(10.q) U Cs(lo.q) U C6(10.q) U {0}

37 | (151,15,1,90) Co1%D = (1,2,4,8,16,19,32,38,59, 64,76, 85,105,118, 128}
Co % u {0}

={0,1,2,4,8,16,19,32,38,59, 64, 76,85,105,118,128}
Co(lo.Q) U C1(10‘Q) U C2(10‘¢1) U C3(10‘Q) U C4(10JI) U C5(10:Q) U
C6(10»¢I) U C7(10'Q) U C8(10»¢I)

Co(lo,Q) U Cl(lo'Q) U Cz(lo'Q) U C3(10'Q) U C4(10'11) U C5(10.Q) U
66(10»11) U C7(10,CI) U 68(10.4) U {0}

38 | (151,16,1,60)

39 | (151,135,120,60)

40 | (151,136,122,90)

The obtained almost difference sets in Table 1 are inequivalent with the known almost difference
sets described in Theorem 2.1, Theorem 2.2, Theorem 2.3, and Theorem 2.4 since they have different
parameters. A single cyclotomic class of order ten forms an almost difference set if ¢ = 31,71, 151.
While a single cyclotomic class together with zero produces an almost difference set if ¢ = 11, 31,
71, 151. There are two inequivalent (31,7, 1, 18) almost difference sets generated from unions of
two cyclotomic classes together with zero, three inequivalent (31,9, 2,18) almost difference sets
generated from three cyclotomic classes, and two inequivalent (31, 13, 5, 24) almost difference sets
generated from four cyclotomic classes together with zero. The researcher has observed that almost
difference sets with parameters (31,27,23,18), (71,63,55,14), and (151,135,120,60) can be
generated from the same union of nine cyclotomic classes.
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If one's attention is restricted to almost difference set D with |D| < q/2, the results are
summarized in Table 2 up to complementation.

Table 2. Aimost difference Sets from Cyclotomic Classes of Order 10 (up to complementation)

(q,k,4,t) Almost Difference Sets
1| (11,2,0,8) GO = 0.1
Co 19 u ;1D foranyi(1<i<9)
C,10D y ¢, 100 y Cj(lo'q), forany i,j (1<i#j<9)
2 | (11,3,0,4)
Co y ¢, 100 y (03, forany i (1 < i < 9)
. 114 18) Co(lo.q) U C1(10'q) u C2(10.q) U Cg(lo,q)
C0(10.q) U C1(10'q) U C3(10.q) U {0}
4 1(31,3,0,24) €, = (1,5,25}
5 |(31,4,0,18) €1 u {0} = {0,1,5,25}
6 [(31,7,1,18) Co10D y ;1% y {0}, for any i € {1,3,7,9}
7 1(31,7,1,18) Co10P y ;1% y {0}, for any i € {2,4,6,8}
8 |(31,9,2,18) Co10D y ¢, 10D y ¢, 10D
9 (31,9,2,18) Co(lo.q) U Cl(lo.q) U C3(10.q)
10 |(31,9,2,18) Cot0D y ¢, 10D y ¢ 10D
11 | (31,12,4,18) Co(lo,q) U Cl(lo,q) U Cz(lo,q) U Cé(lo,q)
12| (31,13,5,24) Co 0 y ¢, 10D y ¢, 100 y ;10D y (0}
13 | (31,13,5,24) Co10D y ¢, 10D y ¢,10D y ¢, 10D y {0}
14| (71,7,0,28) Co*™ = {1,20,30,32,37,45, 48}
15 |(71,8,0,14) €% y {0} = {0, 1,20, 30,32, 37,45, 48}
16 | (71,29,11,28) Co(lo,q) U Cl(lo,q) U Cz(lo,q) U 64(10"7) U {0}
17 | (131,52,20,78) C0(10,q) U Cl(lqu) U C2(10.q) U 06(10@)
18 | (131,53,21,104) C0(10,q) U C1(10'q) u C2(10,q) U 06(10.11) U {0}
19 | (151,15,1,90) €, ={1,2,4,8,16,19,32,38,59, 64,76,85,105, 118, 128}
(10,9)
20 | (151,16,1,60) io{o, 1,5,51?2;, 16,19, 32,38,59, 64,76,85,105,118, 128}

In addition, the set D = €, u ¢, %P y ¢, 10D y ¢, 10D y ;19 s an almost difference
setin (GF(q), +) with parameters (q, (9 — 1)/2,(q — 5)/4, (q — 1)/2) where g = 1 (inod 4). This
set is equivalent to the Paley partial difference set. Similarly, the set D = Co(lo’q) U Cz(lo'q) U
¢, 109 y ¢, 10D y ;%D y {0} is an almost difference set in (GF(q),+) with parameters
(@, (q+1)/2,(q—1)/4, (q—1)/2) where q =1 (mod 4). This set is equivalent to the Paley
partial difference set together with zero. The two constructions can generate infinitely many almost
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difference sets with such parameters in (GF(q), +), for example, g = 41,61, 101, 181, 241, 281, 401,
421,461,521, 541,601, 641,661, 701,761,821, 881, 941...

The following are some examples of almost difference sets generated from unions of cyclotomic
classes of order 10.
Example 3.1 Let ¢ = 31 and let the primitive element « = 11. Then
D = C0(10.Q) U Cl(lo'q) U {0}
={0,1,5,11,24,25,27}
isa(31,7,1,18) almost difference setin (GF(31), +).

Example 3.2 Let ¢ = 31 and let the primitive element @ = 11. Then
D =, u ¢, u {0}
={0,1,5,16,18,25,28}
isa (31,7,1,18) almost difference setin (GF(31), +).

Example 3.3 Let ¢ = 31 and let the primitive element @ = 11. Then
D = Co(lo'q) U Cl(lo.Q) U C2(10.Q)
={1,5,11,16,18,24,25,27,28}
isa(31,9,2,18) almost difference setin (GF(31), +).

Example 3.4 Let ¢ = 31 and let the primitive element « = 11. Then
D = C0(10.Q) U C1(10:Q) U C3(10;¢I)
={1,5,11,12,21,24,25,27,29}
isa (31,9, 2,18) almost difference setin (GF(31), +).

Example 3.5 Let ¢ = 31 and let the primitive element @ = 17. Then
D = Co(lo,lZ) U Cl(lo,lI) U C5(10;Q)
={1,5,6,17,22,23,25,26,30}
isa(31,9,2,18) almost difference setin (GF(31), +).

Example 3.6 Let ¢ = 31 and let the primitive element @ = 3. Then
D = Co(lo'q) U Cl(lo.CI) U C2(10.Q) U C3(10,Q) u {0}
={0,1,3,5,8,9,11, 13,14, 15, 24, 25,27}
isa (31, 13,5, 24) almost difference setin (GF(31), +).

Example 3.7 Let ¢ = 31 and let the primitive element « = 3. Then
D = C0(10.Q) U C1(10:Q) U Cz(lo;Q) U 66(1040 U {0}
={0,1,3,5,8,9,13, 14, 15,16, 18, 25, 28}
isa(31,13,5,24) almost difference set in (GF(31), +).

Example 3.8 Let ¢ = 31 and let the primitive element @ = 3. Then

D = C0(10.CI) U C1(10.Q) U C2(10,Q) U C3(10;Q) U C4(10;Q) U C5(10‘Q) U C6(10:¢Z) U C7(10.f[) U C8(10,Q)
=1{1,2,3,4,5,6,7,8,9,10,11,13,14,15,16,17,18,19, 20, 22, 23, 24, 25, 26, 27, 28, 30}

isa (31,27,23,18) almost difference setin (GF(31), +).

Example 3.9 Let ¢ = 31 and let the primitive element & = 28. Then
D = CO(10V¢Z) U Cl(lo'q) U C2(10VQ) U C4(10.Q) u {0}
={0,1,2,3,4,6,9,19, 20, 25, 28,30,32,37,38,40,42,44,45,48,49,50,53,57,59,
60,63,64,66}
isa (71,29, 11, 28) almost difference setin (GF(71), +).
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Example 3.10 Let g = 41 and let the primitive element ¢ = 6. Then
D = Co(lo.q) U Cz(lo.q) U C4(10.q) U C6(1O.q) U C8(10,q)
={1,2,4,5,8,9,10,16,18, 20, 21, 23, 25,31, 32,33,36,37, 39, 40}
is a (41,20,9,20) almost difference set in (GF(41),+). This is equivalent to the Paley partial
difference set.

CONCLUSION

This paper presented a new construction of almost difference sets via cyclotomy of order 10.
Furthermore, we determined the equivalence of the obtained almost difference sets to the known
cyclotomic almost difference sets having the same parameters up to complementation.

Based on the findings, a single cyclotomic class can produce almost difference sets with
parameters (31, 3, 0, 24), (71, 7, 0, 28), and (151, 15, 1, 90). While a single cyclotomic class together
with zero can generate an almost difference set with parameters (11, 2, 0, 8), (31, 4,0, 18), (71, 8, 0,
14),and (151, 16, 1,90). We have also found a (q, (q — 3)/2,(q — 7) /4, ¢ — 3) almost difference sets
in GF(q) from unions of cyclotomic classes of order 10, where ¢ = 11. The obtained (11, 4,1, 8)
almost difference set can generate sequences of period g = 3 (mod 4) with optimal correlation
values —1 and 3, where k = 4. We have constructed a (q, (g — 1)/2,(q — 5)/4, (q —1)/2) almost
difference sets in GF(q) from the union of five cyclotomic classes of order 10, where g = 1 (imod 4).
This set can generate sequences of period g = 1 (mod 4), where k = (g — 1) /2. These two results
are open problems (Nowak, 2014). Similarly, a (gq,(q +1)/2,(q —1)/4, (@ —1)/2) almost
difference set is also constructed from the union of five cyclotomic classes of order ten together with
zero, where g = 1 (mod 4). Moreover, there exist two inequivalent (31,7, 1, 18) almost difference
sets, three inequivalent (31,9, 2,18) almost difference sets, and two inequivalent (31,13, 5, 24)
almost difference sets. Other almost difference sets are also constructed for g = 131 with
parameters (131,52, 20, 78) and (131, 53, 21, 104).

It is still an open problem to generalize and prove the results not just for a range of prime but for
all primes of the form g = 10n + 1 for any integer n > 1 using other theoretical methods without
computer search.
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