On Some Results of a Torsion-Free Abelian Trace Group
Ricky B. Villeta
University of San Jose-Recoletos

Abstract

In [6], given any torsion-free abelian groups G and H, the pure trace of H in G is

tr(H , G) = ({Z f (H ): fe Hom(H , G)})* which is equivalent to the set
lgeG:inge (3" f(H), f € Hom(H,G))for somen e Z*|. The pure trace tr(H,G)

is a pure fully invariant subgroup of G. A torsion-free abelian group G is a trace group if
for every pure fully invariant subgroup M of G, M = tl’(M ,G). In this paper, we give
further results of pure trace, trace group and characterize the direct sum of the trace
groups of a torsion-free abelian groups.
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1.0 Introduction

In [6], for any torsion-free abelian groups G and H, the pure trace of Hin G is defined. Its
algebraic and homological properties with respect to a short exact sequence are characterized and
established. Meanwhile, in [6], the concept of pure trace of a torsion-free abelian group led to the
notion of the trace group. The groups Z, Q, pure fully invariant-injective groups, completely
decomposable groups, almost completely decomposable groups among others are found in [6] to be
trace groups.

In this paper, we show that the irreducible and strongly irreducible groups are also trace groups.
Moreover, we give more results on pure trace and characterizations concerning the direct sum of the
trace group of a torsion-free abelian group.

Throughout this paper, all groups considered are torsion-free and abelian.

2.0 Preliminaries

We shall present some concepts and known results found in the indicated reference that are
necessary for the main results of this paper.

Proposition 2.1 [4] If f : G — H is a homomorphism of groupsand N <G, M <H and f(N)< M,
then f induces a homomorphism f :G/N — H/M givenby aN - f(a)M.

Definition 2.1 [3] A subgroup M of a group G is fully invariant in G if f(M)< M for all
f e End(G).



Theorem 2.1 [2] A fully invariant subgroup of a fully invariant subgroup of A is fully invariantin A.

Definition 2.2 [2] Let {Bi el } be a family of subgroups of A. Then the set
1B, ={,+b, +---+b, :b €Bandnez"}.
Definition 2.3 [2] Let {Bi el } be a family of subgroups of A such that the following conditions hold;

ii. for every i el ) BI mz jel, j=i BJ :{0}.
Then A is said to be the direct sum of its subgroups Bi, denoted by A=,

iel Bi or
A=B ®B,®---®B,,if | ={1,2,---,n}.

Theorem 2.2 [2] IfG=A®B, then every f e End(A) extends to an endomorphism of G by
assigning the image of the second component of elements of G to 0.

Lemma 2.1[2] If G=B®C and A is a fully invariant subgroup of G , then A=(ANB)®(ANC)

Definition 2.4 [4] Let {B, ;i € 1} be a set of groups. An i" tuple f =(---,b;,---) over this collection

of groups B, has exactly one coordinate bi for each i €|, thatis, if f is a function defined over I,

then f(i)z bi € B; for every i € |.The set of all i tuples is called the direct product of the groups
B;., denoted by H ic1 Bi-

Theorem 2.3 [2] Let A, B, A (i€ 1) and B, (j € J) be abelian groups. Then
i Hom(®iel AI ! B)E H icl (Al J B)’
i. Hom(ATT ;e B;)= [T ic; Hom(A, B, ).

Remark: 2.3.1 [4] If | is finite, then Z a A= H a A
Definition 2.5 [2] An abelian group G is said to be torsion if every element of G has finite order.

Example 2.5.1 Let A be an abelian group and let T = {X e A: |X| < oo}. Then T is a subgroup of A

called the torsion group of A.

Definition 2.6 [2] An abelian group G is torsion-free if every nonzero element of G has infinite order.

Example 2.6.1 The groups Z and Q are torsion-free since nx=0, only if X=0 for all neZ™,
VXxeZ or VxeQ.



Definition 2.7 [2] A group G is divisible if G=nG forall 0zneZ™.
Example 2.7.1 The groups {0} and Q are divisible since {O}z n{O} and Q=nQ forallneZ".

Definition 2.8 [2] A subgroup M of a group G is said to be pure inG, denoted by M <. G, if
whenever m=ny € M for some neZ”, yeG, then there exists m, € M such that m=nm,.
Equivalently, M is purein G ifand onlyif M NG =nM forallne Z~.

Example 2.8.1 Consider the group Z . Then {O} and Z are the only pure subgroups of Z .

Proof: ForallneZ™, n{O}z {O}z nZ {0} and NZ =nZ (\Z.Hence, {0} and Z are pure subgroups
of Z . Consider mZ <Z forsome meZ". Thenforall neZ", n(mZ)= nZ (1mZ if ged (n,m)=1.

Butforall nnmeZ*, gcd (n, m) is not always equal to 1. Thus {O} and Z are the only pure subgroups
ofZ.m

Example 2.8.2 The group of rational numbers Q has no proper nontrivial pure subgroups.

Proof: Let {0}72 H <. Q. Then HNNQ =nH for all neZ". Since Q is divisible, Q =nQ for all
NneZ". Hence, HNNQ=HNQ=H. Thus, H =nH, thatis, H is divisible, by Definition 2.7. Let

%e H, abeZ —{0}. Then bH =H and so a= b[%) e H =aH. Thus, there exists he H such

that a=ah for some heH. Hence, h=1eH. Since H=nH, 1:(EjneH =nH for all
n n

1
0#neZ. Thisimplies that — € H since H is torsion — free. Therefore, H = Q. m
n

Definition 2.9 [2] If G is torsion-free and X < G, then
(X ) = {g eG:ng e(X)forsomen e Z+}
is called the pure subgroup of G generated by X.

Theorem 2.4 [2] Let B, C be subgroups of A suchthat C < B < A Then the following hold.
i.1f C ispurein B and B ispurein A, then C ispurein A.
ii. If Bispurein A, then B/C is purein A/C.
iii. If C ispurein A, B/C purein A/C, then B is purein A.

Definition 2.10 [2] A subgroup B of Ais a direct summand of A if A=B®C forsome C<A



Theorem 2.5 [2] Every direct summand is a pure subgroup and in torsion-free groups, the intersection of
pure subgroups is again pure.

Definition 2.11 [1] A group G is said to be irreducible if it has no proper nontrivial pure fully invariant
subgroups.

Example 2.11.1 The groups Z and Q are irreducible groups since it contains no proper nontrivial pure
fully invariant subgroups.

Definition 2.12 [5] For any groups G and H, we say that

i. G is quasi-contained in H [Gg Hj if NG H forsome 0#neZ™;

ii. G is quasi—equalto H [G¥Hj ifG;H and H;G.

Definition 2.13 [5] A group G is said to be strongly irreducible if G is quasi-equal to each of its
nontrivial fully invariant subgroups.

Remark 2.13.1 A strongly irreducible group is irreducible.

Proof: If H is a nontrivial fully invariant subgroup of a strongly irreducible group G, then NG < H for

some positive integer N. If in addition, H <. G, then nH =nG(H =nG forall neZ™. Since H is
torsion —free, H =G. Thus, a strongly irreducible group is irreducible. m

The following notions and results deals with the pure trace and trace group of a torsion- free
abelian group.

Definition 2.14 [6] For any groups G and H , the pure trace of Hin G is
tr(H,G)= (> f(H): f e Hom(H,G))),

:{g eGinge(f(H) f e Hom(H,G))forsomeneF}

Example 2.14.1 Consider the group of integers Z . Then by Definition 2.14, tI’(Z,Z)g Z.let zeZ.
Observe that the identity map i, € End(Z) and z =i,(z)e z f(z), f €eEnd(Z). so taking n=1,
nze () f(2)), f eEnd(Z) Thus, zetr(Z,Z) andZ <tr(Z,Z). Hence, Z =1r(Z,Z).
Also, the pure trace of {0} in Zis
r(0},2)={yez :nye S £({0}), f e Hom({0},z)3Inez"|
{y eZ:nye ) {0jforsomene Z+}

yeZ:nyzoforsomeneZ+}

1

yeZ:y=0}since nezZ"

0}

Il
~



Example 2.14.2 Consider the rational groupQ. Then by Definition 2.14, tr(Q,Q)gQ. Let geQ.
Observe that the identity map ig € End (Q)and q= Iq (q)e Z f(Q), f € End(Q). So taking n=1,
nge (Y f(Q)), f End(Q) Thus, getr(Q,Q) andQ ctr(Q,Q). Thus, Q =tr(Q,Q).
Also, the pure trace of { } in Qis
r(0},Q)={geQ:nqe > £({0}). f « Hom({0},Q)an ez "}

=19eQ:nge > {0} forsomen eZ*}

= {q €eQ:ng=0forsomeneZ” }

={9eQ:q=0}sinceneZ”*

= {0}

The preceding examples can be generalized as follows.

Example 2.14.3 Let G be any torsion-free abelian group. Then by Definition 2.14, tr(G,G)g G. Let
g €G. Note that the identity map ig € End(G) and g =ig (g)ez f(G), f €End(G) Taking
n=1 nge(} f(G)) f €End(G) Hence, g €tr(G,G) andG < tr(G,G). Thus, G =tr(G,G).
Also, the pure trace of {0} in Gis
tr({0},G)= {g eG:nge > f({0}) f eHom({O},G)HneZ+}
{g eG:nge> {0} forsomen eZ+}
{g eG:ng=0forsomeneZ” }

{90eG:g=0}sincenez*
0

)

Proposition 2.2 For any torsion-free abelian groups G and H, tr(H,G) is a pure fully invariant
subgroup of G.

Proof: Let G and H be any torsion-free abelian groups. Since Zf(H)CG, f e Hom(H,G), it
follows by Definition 2.14 and Definition 2.9 thattr(H,G)<. G. Let a € End(G) and g etl’(H G).
Then for some N e Z*, for some finite number of h, € H and f; € Hom(H,G), ng = Zf ). Thus,
() alng)

= 05(2 fi(hy ))

=Zaf- hi), where of; € Hom(H,G).
This implies that n(cr Z(Zf . Hence, a(g)etr(H,G) and tr(H,G) is fully invariant in G.
Therefore, tr(H,G) is a pure fully invariant subgroup of G.m



Lemma 2.2 [6] Let G be any torsion-free abelian group. If M is a subgroup of G, then M tr(M ,G)
with equality if and only if M is pure and every f e Hom(M,G) maps M into M .

Definition 2.15 [6] A torsion-free abelian group G is a trace group if for every pure fully invariant
subgroup M of G, M :tr(M,G).

Example 2.15.1 The groups Z and Q are trace groups since their only pure fully invariant subgroups are

the trivial ones and itself with tr(Z,Z)=Z, tr({0},Z) = {0} and tr(Q,Q)=Q and tr({0},Q) = {0},
3.0 Main Results

We now give and prove some results and characterizations pertaining to the direct sum of pure
trace and trace groups of torsion-free abelian groups.

Proposition 3.1 If G is irreducible, then G s a trace group.

Proof: Suppose G is irreducible. Then by Definition 2.11, {O} and G are the only pure fully invariant
subgroups of G . But tr({0},G)={0} and tr(G,G)=G, by Example 2.14.3. Thus, G is a trace group. m

Proposition 3.2 A strongly irreducible group is a trace group.

Proof: A strongly irreducible group G is irreducible, by Remark 2.13.1. Hence, by Proposition 3.1, G isa
trace group. m

The following are some properties of a pure trace of a torsion-free abelian group.

Lemma 3.1 For any torsion-free abelian groups H, A, and B,

tr(H, A®B)=tr(H,A)®tr(H,B).

Proof: Let X etr(H,A(—D B). Then for some neZ?', some finite number of bj eH, and
f; e Hom(H,A®B), nx = Z f; (b; ). By Theorem 2.3,

Hom(H, A® B)= Hom(H, A)® Hom(H, B).
so, fj = i, +fi,, fi, e Hom(H,A) and f, e Hom(H,B) Thus,
x="(f, + fi, Jby)
= Z(fil (bi )+ i, (b )



=> i, (o) + > fi, ().
Hence, X € tr(H , A)(-Dtr(H , B)that is,
tr(H, A®B)ctr(H,A)®tr(H,B).

Lety etr(H,A)(—Btr(H, B). Then, Yy =Y1 +Y5 where y; etr(H,A) and Yo etl’(H,B). Hence, for

some m;,m, € Z", some finite number of f; e Hom(H,A), f, eHom(H,B) and b; ,bj, eH,
myyy =i fi, (bil)' myy, =i fi, (biz ). Thus,
mym,y = my(myy; )+ my(m,y, )

=my > i i, )+ m > £, (b, )

=>myfi (o5, )+ > mifi, (b, )
where M, fi € Hom(H,A)and myfj, eHom(H,B). Since AcA®B and Bc A®B,
m, fi ,my fi, € Hom(H, A@B). Thus, y etr(H, A@B) and

tr(H,A)®tr(H,B)ctr(H, A®B)

Therefore,

tr(H,A®B)=tr(H,A)®tr(H,B).n

Lemma 3.2 For any torsion-free abelian groups A, B, C and D, where A is fully invariant in C and B is fully
invariantin D,

tr(A®B,C®D)=tr(A C)®tr(B,D)

Proof: LetX etr(A(—D B,C® D). Then for some neZ?t, some finite number of

fi e Hom(A®B,C®D), aj +b; e A®B, nx= Z f;(aj; +bj ) Since A s fully invariant in C and B

is fully invariant in D, it follows that Hom(B,C): {0} and Hom(A, D): {0} Thus, by Theorem 2.3,
Hom(A® B,C ® D)= Hom(A® B,C)® Hom(A® B, D)

= Hom(A,C)@® Hom(B, C)® Hom(A, D)@ Hom(B, D)
= Hom(A,C)@ {0}® {0}® Hom(B, D)

= Hom(A,C)@® Hom(B, D)



+ fi, with fj € Hom(A,C) and fi, € Hom(B, D). Thus,

Hence, f; = f; + fi
=" (i, + i, kai +b;)
=> fi, (a)+{0}+{0}+ > fi, ()
= > i, (ai)+ > fi, ()

So, Xetf(A,C)@tr(B, D) and tI’(A@ B,C@D)gtr(A,C)@tl’(B, D). Conversely, suppose
y etr(A,C)®tr(B,D). Then

iy

Yy=Y1+Yo, yp etr(AC) and y, etr(B, D).
Hence, for some My,N, €Z, some finite number of gj, €Hom(A,C), g, € Hom(B,D) and
ajeA, bjeB, ny, :ngjl(aj)and n,y, =zjgj2(bj).Thus,
MmNy = N (nyyr )+ m(nzys)
=395, (aj )+ m>gj, b;)
=Yg, (@ )}+ Xmaj, bj)

where n29j, eHom(A,C) and mygj, eHom(B, D). SinceABc A®B, and C,DcC®D,
N2gj,,Mmgj, € Hom(A®B,C @ D). Hence,

tr(A,C)®tr(B,D)ctr(A®B,C@®D)
Andso, tr(A®B,C®D)=tr(A,C)®tr(B,D)m

Lemma 3.3 Let N and M be subgroups of a torsion-free abelian group G suchthat M < Nand M <« G
Jftr(N/M,G/M)=N/M, then tr(N,G)= N.

Proof: Suppose tr(N/M,G/M)=N/M. Let x etr(N,G). Then for some seZ*, some finite sets
f; e Hom(N,G) and nj €N, SX:Z fi(n; ) Now, by Proposition 2.1, f; € Hom(N,G) induces

f_i e Hom(N/M,G/M) given by fi(nj +M)= fi(n; )+ M. Hence,

> f_i(ni +M)etr(N/M,G/M)=N/M, by hypothesis. Note that



D EM+M)=>"(fi(nj)+M)
= fi(m))+Mm
=tx+ M.
Thus, sXx+M € N/M ,say sx+ M =n+M for some n e N. Hence, SXx—nN € M which implies that
sX—Nn=m forsome me M. So, sSx=m+neM +N <N since M <N.Now, N <« G, by

Theorem 2.4 (iii). Hence,
sXxe N(1SG =5sN implies Xxe N.

Thus, tr(N,G)g N .But N gtr(N,G) by Lemma 2.2. Therefore, tr(N,G): N.m
The succeeding results characterize the trace group with respect to its direct sum.

Theorem 3.1 Let G be a trace group. If G=A®B and A is fully invariant in G then A is a trace

group.

Proof: Suppose G = A@ B such that G is a trace group and A is fully invariant in G. Let M be a pure
fully invariant subgroup of A. Since A<x G, by Theorem 2.4(i), M is also pure in G . Since M is fully

invariant in A and A is fully invariant inG, by Theorem 2.1, M is fully invariant inG . Hence, by
Definition 2.15 and by Lemma 3.1,

M =tr(M,G)
=tr(M, A®B)
=tr(M, A)®tr(M,B).
Claim: tl’(M , B)z {O}
Since M is fully invariant in A, that is, forall me M, f € End (A), f(m)e McA
and AB = {0}, it follows that Hom(M,B): {0} Hence, Z fi(mi)z 0,for all m; € M where
fj € Hom(M : B). So, tr(M , B): {O} Therefore, M =tr(M , A) and A isatrace group. m

The following Lemma will be utilized to prove the succeeding Theorem 3.2.

Lemma 3.4 let G=A®B where A B<« G andlet M be a pure subgroup of G.Then M [ A and
M (B are purein A andin B, respectively.

Proof: Clearly, n(M ﬂA)g nAﬂ(M ﬂA) forall neZ™. Let X e nAﬂ(M N A). Then, X € NA and
Xxe M A So, X=na forsome ac A, XeM,and X e A Since XenG, XxenG[(\M =nM.Thus,
X=naenM or acM since M is torsion — free. Hence, ac M A and so x=naen(MNA)

which implies that NAN(M N A)=n(M N A) forall ne Z™. Therefore, n(M N A)=nAN(M N A)
and M (A<« A Similarly, M(1B <« B.m



If G=A®B, then Theorem 2.2 implies that End (A)g End(G) and End (B)C End(G).

This fact will be used to show that a direct sum of trace group is a trace group.

Theorem 3.2 If G = A®@ B, where A and B are trace groups, then G is a trace group.

Proof: Suppose G = A® B where A and B are trace groups. Then by Theorem 2.5, A, B <x G. Let
M be pure fully invariant subgroup of G . Then

M =(MNA)®(MNB) by Lemma 2.1.
By Theorem 2.5, M)A and M (1B are pure in G and by Lemma 34, M[()A<« A and
M B <« B.Let f € End(A)c End(G) and g € End(B)c End(G). Then, f(MNA)c MNA
and g(M N B)g M (B since M is fully invariant inG . Thus, M [ A and M (B are fully invariant

in A and B, respectively. Since A and B are trace groups, it follows by Definition 2.15 and Lemma 3.2
that

M=(MNA®MNB)
=tr(MNA A)®tr(MNB,B)
=tr(MNA)®(MNB),A®B)

Therefore, G is a trace group. m

n
Corollary 3.1 Let G pe 4 group and {Gl’GZv”WGn} a collection of trace groups. If G= @izlGi ,
then G is a trace group.

n
Proof: Suppose G= ®i:16i . Then we proceed by induction on n. If n = 2, then G= Gl @Gz and by
. G-= @k G: . .
Theorem 3.2, G is a trace group. Now, suppose for k> 2, ¥ = Yi-1 i is a trace group. Then we wish to
k+1 k k
show that G =@i=1 Gi is a trace group. Since G= CJBi=1Gi ®Gk+1 with @izl Gi and Gk+l are

. G =oklg. . .
trace groups, it follows from Theorem 3.2 that = %=1 i is a trace group. So, by Principle of

Mathematical Induction (PMI), G is a trace group. ®

The following Corollary follows from Theorem 3.1 and Corollary 3.1.

Corollary 3.2 Let G =@G;, G; fully invariantin G for all i. Then G is a trace group if and only if G;j

is a trace group.

10



Proof: Suppose G is a trace group. Since G = @G;, and each G;j is fully invariant in G, by Theorem
3.1, each G; is a trace group. Conversely, if each G; is a trace group, then by Corollary 3.1, ®G;j is a

trace group. Therefore, it follows that G is a trace group. m
4.0 Conclusions
In this paper, the irreducible and strongly irreducible groups were found to be trace groups.

Moreover, the concepts of pure trace and trace groups also hold on the direct sum of pure trace and
trace groups of torsion-free abelian groups. More generally, we have shown that if G is a torsion-free

. m
abelian group and {Glani B Gm} a collection of trace groups where G =®i,1G;i, then Gis a trace

group. Furthermore, if G =®G;, where G; fully invariant in a torsion-free abelian group G for all i,

then G is a trace group if and only if Gj is a trace group.
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